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VALERY A. LUNTS AND OLAF M. SCHNURER 
04 ' Abstract. We introduce the notion of (homological) G -smoothness for a complex G - 



variety X, where G is a connected afhne algebraic group. This is based on the notion of 
^SJ ■ smoothness for dg algebras and uses a suitable enhancement of the G -equivariant derived 

, category of X. If there are only finitely many G -orbits and all stabilizers are connected, 

^ I we show that X is G -smooth if and only if all orbits O satisfy H*{0;M.) — R. On 

the way we prove several results concerning smoothness of dg categories over a graded 
commutative dg ring. 
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1. Introduction 

We introduce the notion of (homological) G -smoothness of a complex G -variety X, 
M ■ where G is a connected complex affine algebraic group. The idea is to describe the G- 

equivariant morphism A ^ pt in terms of dg algebras and to use the notion of smoothness 
defined for such algebras. Under suitable conditions we give sufficient and necessary condi- 
tions for G -smoothness of X. This is based on results on smoothness for dg -algebras 
(or categories) over a graded commutative dg ring K that are of independent interest. 

We first explain the definition and results concerning G -smoothness. We assume in the 
following that G acts on X with finitely many orbits and that all stabilizer subgroups 
are connected. We work with the G -equivariant bounded constructible derived category 
Dq ^{X) of sheaves of real vector spaces on X (see |BL94j ). Using a suitable enhancement 
we find a dg if^ (pt) -algebra A such that the perfect derived category per(^) of dg A- 
modules is equivalent to Dq^{X). The structure morphism //^(pt) — )• A may be thought 
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of as an analog of the G -morphism X — t- pt (recall that -D^^(pt) and per(ifG!(pt)) are 
equivalent). Slightly generalizing the standard definition we say that A is HQ^pt) -smooth 
if the diagonal bimodule A is in per(^ ''^Hcipt) ^°^)- Then we define X to be G -smooth 
if A is i?G(pt) -smooth. Our first main result shows that G -smoothness can be tested on 
the orbits. 

Theorem 1.1 (see Theorem I4.9p . Under the above conditions, X is G -smooth if and only 
if all G -orbits in X are G -smooth. 

Hence we need to understand when an orbit is G -smooth. Our second main result gives 
a criterion answering this question. 

Theorem 1.2 (see Theorem 14.81 and references there). Let O = G/H where G is as above 
and H C G is a closed connected subgroup. Then the following conditions are equivalent: 

(a) O is G -smooth. 

(b) Hcipt) — > Hg{0) = Hnipt) is an isomorphism. 

(c) Hnipt) is a smooth dg Hcipt) -algebra. 

(d) Any maximal compact subgroup of H is a maximal compact subgroup of G. 

(e) i?*(0;M) = M. 

(f) O = C" as complex varieties for some n G N. 

There are some more equivalent conditions given in Theorem 14.81 which are actually 
needed for the proof of Theorem 11.11 

For example, if G is reductive and B G is a Borel subgroup, then the flag variety 
G/B is -smooth but not G -smooth. 

We include some details how the above dg //G(pt) -algebra A is defined. We fix a 
suitable universal G -principal fiber bundle EG BG. Among other things, this means 
that there is a (version of the) de Rham sheaf ^bg of dg algebras on BG computing 
Haipi). Let c : Xq ■= EGxqX — > BG be the obvious map. We identify Dq ^{X) with a 
full subcategory of the derived category of dg c*{Qbg) -modules (= sheaves of dg modules 
over the sheaf c*{Q,bg) of dg algebras) on Xq- Using an injective model structure we 
find a dg enhancement £ of Dq ^{X) that consists of h-injective dg c* {Q,bg) -modules. 
Let E ^ £ be an object that is a classical generator of Dq^{X). Then in the obvious 
way A := £{E, E) is a dg T{VtBG) -algebra. By composing the structure morphism with a 
quasi-isomorphism Hg{]?^) V{Q.bg) we obtain a dg //^(pt) -algebra A that we can use 
for the definition of G -smoothness of X, as explained above. 

The proofs of the above Theorems rely on some results on dg K -categories, where K \s a, 
graded commutative dg ring, that we present now. A dg X -category is by definition a cat- 
egory enriched in the (abelian symmetric) monoidal category C{K) of dg X -modules. For 
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example, a dg -category with one object is a dg IT -algebra. The obvious generalization 
of a result of G. Tabuada |Tab05j shows that the category of small dg -R' -categories carries 
a cofibrantly generated model structure whose weak equivalences are the quasi-equivalences. 
In particular, any dg ii' -category (or algebra) A has a cofibrant replacement Q{A) A 
which allows us to define A (8)^ A = Q{A) (Sir Q{A). We say that A is ii' -smooth if the 
diagonal bimodule A is in pev{A (Ei^ A). Here, if ;B is a dg ii' -category, per(S) is the 
perfect derived category of dg i3 -modules, which can also be characterized as the full sub- 
category of the derived category of dg ;B -modules consisting of compact objects. Instead 
of Q{A) A we can take any trivial fibration A' A with A' K -h-B.at for testing 
K -smoothness of A. Then A is K -smooth if and only if the diagonal bimodule A is in 
per(^' A'). 

We generalize and strengthen two results of [LunlOj : Theorem 13 . 171 savs that X -smooth- 
ness is invariant under dg Morita equivalence, i.e. if the derived categories of two dg i^- 
categories A and B are connected by a zig-zag of tensor equivalences, then A is IT -smooth 
if and only ii B is K -smooth. Theorem 13.241 shows the following: If A and B are dg 
K -algebras (or categories) and is a dg i? -module, then the dg K -algebra (or 

category) ^ ^ is K -smooth if and only if A and B are K -smooth and is an object 
of per(i3 A"^). This result is the key to the proof of Theorem ll.il A decomposition of 
X into an open G -orbit and its closed complement provides a dg ifG(pt) -algebra of this 
form. 

For the proof of Theorem 11.21 we need two more results. The first one is Theorem 13.301 
and explains how K -smoothness behaves with respect to a base change: Let K K' be a 
morphism of dg rings. If a dg /C-category A is ii'-smooth, then A^^ K' := Q{A) K' 
is i^T' -smooth. Moreover, the converse is true if K K' is a quasi-isomorphism. The 
second result is the slightly technical criterion for K -smoothness given in Proposition 13.431 
It is based on an easier criterion, stated in Proposition 13.401 Let A be a dg algebra over a 
field k that satisfies H'{A) = for i < 0, H°{A) = k and H\A) = for i > 0. Then 
A is k -smooth if and only if H(A) = k. 
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2. Differential graded _ftr -categories 

This Section generalizes in a straightforward manner well known results from dg (= 
differential graded) categories over a commutative ring k to dg categories over a graded 
commutative dg algebra K ; for example we describe the projective model structure on the 
category of modules over such a dg -ftT -category, and we equip the category dgcat^ of 
small dg X -categories with a model structure (following G. Tabuada |Tab05| ) . The reader 
who is familiar with the usual theory will find no surprises and is advised to pass directly 
to Section [3l 

Let k be a commutative (associative unital) ring and K a graded commutative dg (= 
differential (Z-)graded) (k-)algebra, i.e. K = ^p^^K^ is a graded (associative unital) 
k -algebra (the structure morphism k ^ K lands in and in the center oi K) endowed 
with a k -linear differential d = {dP : KP^^)p^z of degree one such that d{kl) = 

d{k)l + {—\)^'^^kd{l) for all elements k, I (z K with k of degree |A;| (here and in the 
following we use the convention that elements are assumed to be homogeneous if their 
degree appears in a formula); the assumption that K is graded commutative means that 
kl = (— l)!'^!!'!//;; for all k, I ^ K. For example, K could be k viewed as a dg algebra 
concentrated in degree zero. We fix k and K for the rest of this article. 

2.1. Dg X -categories. Let C{K) be the abelian k-linear category of (right) dg K- 
modules (morphisms are ii' -linear, preserve the degree and commute with the respective 
differentials). Given dg -modules M, N, we can view as a left dg -module via 
k.n := (— l)l'^ll"lnA; and obtain the tensor product M ®k N which is again an a dg K - 
module. In fact C{K) becomes a symmetric monoidal category in the obvious way, which is 
moreover closed: Given any M € C{K), the functor {?(S)kM) has an obvious right adjoint 
denoted Hom(M,?), i.e. (C(K))(N (^r^ M, P) = (C(K))(N, Rom (M. P)) naturally in 
and P. 

This enables us to speak about dg iiT -categories (:= C(-fC) -(enriched )categories), dg 
-fC-functors (:= C(-fC) -functors) , and dg i^-natural transformations (:= C(-R') -natural 
transformations), see |Kel05j . 

To an arbitrary dg K -category A we can associate two k -linear categories, namely the 
category Z^{A) and the homotopy category [A]. They have the same objects as A, but 
their morphisms spaces are given by the cocycles {Z^{A)){A, A') = Z^{A{A,A)) of degree 
zero and by the cohomology classes [^](A, A') = H^{A{A, A')) of degree zero. 



SMOOTHNESS OF EQUIVARIANT DERIVED CATEGORIES 5 

An example is the dg -R' -category A4od{K) of dg X -modules. It has the same objects 
as C{K), and its morphism spaces are given by {A4od{K))(M , N) = Hom (M, N) where 
M, N are dg X -modules. Note that 

{C{K)){M,N) = {C{K)){K, {Mod{K)){M,N)) = Z^{{Mod{K)){M,N)). 

The first equality says that the underlying category of the dg ii' -category A4od{K) is 
C{K), and then the second equality says that C{K) = Z^{M.od{K)). 

2.2. Module categories. Let ^ be a small dg K -category. A (right) dg ^-module M 
is a dg ii' -functor M : — t- Mod{K), where is the opposite dg ii' -category. More 
explicitly, such a functor is given by dg X -modules M{A), for A £ A, and morphisms 

MiA) ®K A{A',A)^ M{A') 

in C{K)^ for A^ A' € A, that make the obvious diagrams encoding unitality and associa- 
tivity commutative. We denote the category of dg ^-modules whose morphisms are the 
dg X -natural transformations by C{A). This is an abelian k -linear category having all 
small limits and colimits; we explain in Remark 1 2 . 1 1 b elow that it is essentially independent 
of K. 

Again there is a dg ii' -category M.od{A) whose underlying category is C[A). Let M, 
N be dg ^-modules. Then [Mod{A)){M , N) is defined to be the dg K -modnle 

{(/(^)) e n {Mod{K)){M{A),N{A)) I N{a)f{A') = f{A")M{a) for all a E ^°p(^', A") 
Similar as above we have 

C{A){M,N) = Z'^{{Mod{A)){M,N)). 

We may consider K as a dg ii' -category consisting of one object whose endomorphisms 
are K. Then the definitions of C{K) and M.od{K) are consistent with their previous 
definitions. 

Any object A £ A gives rise to the dg ^-module A := A^fjA) represented by A. If 
M is any dg ^-module, the map 

(2.1) {ModiA))iA, M) ^ MiA), f ^ (/(^))(idA), 

is an isomorphism in C{K), the Yoneda-isomorphism. Taking degree zero cocycles gives 
the isomorphism 

{C{A)){A,M) ^ Z\M{A)). 

The dg ii' -functor 

A^Mod{A), A^ A = Ai?,A), 
is full and faithful by ()2.ip and called the Yoneda embedding. 
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Whenever we work with module categories over a dg -fC -category in the following we 
implicitly assume that the given dg K -category is small. 

2.3. Homotopy categories and derived categories. We have seen above that Z°{Mod{A)) = 
C{A). We define T-LiA) := [7Wo(i(^)] and call it the homotopy category of dg ^-modules. 
There is an obvious functor C{A) T-L{A). 

In the usual way (cf. e. g. |BL94t Ch. 10]) we equip ^{{A) with the structure of a trian- 
gulated category: One defines the translation or shift functor [1] on A4od{A) (and C{A), 
'H{A) ), and the cone Cone(/) of a morphism f : M ^ N in C{A) ; this cone fits into 
an obvious diagram M N ^ Cone(/) [i\M in C{A) called a standard triangle. We 
define a (distinguished) triangle in ^{{A) to be a candidate triangle isomorphic to the image 
of a standard triangle. Then Ti^A) with the shift functor [1] and this class of triangles is 
a triangulated category. 

A morphism f : M N in C{A) (or Hi A) ) induces in the obvious way a morphism 
H{f) : H{M) — )• H{N) on cohomology. We call / a quasi-isomorphism if H(f) is an 
isomorphism. 

A dg ^-module M is called acyclic if all M{A) have vanishing cohomology, i.e. 
H{M{A)) = 0, for all A G Then a morphism in ^{{A) is a quasi-isomorphism if 

and only if its cone is acyclic; here we mean by the cone of a morphism / in a triangulated 
category the third object in a triangle whose first morphism is / (it is well defined up to 
isomorphism) . 

The derived category D{A) of dg ^-modules is defined to be the Verdier quotient of 
T-L{A) by the (thick) triangulated subcategory of all acyclic dg -modules. Note that 
y.{A) and D{A) have all small coproducts and products, and the functor ^{{A) — )• D{A) 
commutes with coproducts and products. 

A dg ^-module P is called h-projective if all morphisms P —?■ N in C{A) with acyclic 
N are homotopic to zero, i.e. {'H{A)){P, N) = 0. For example all [i]A for A ^ A and 
i € Z are h-projective since 

(2.2) {'H{A)mA,N)^H-\N{A)). 

by mi- 

If P and M are dg ^-modules it is easy to see that the canonical morphism 

(2.3) {n{A)){P,M)^{D{A)){P,M) 

is an isomorphism if P is h-projective. 

We define per(^) to be the smallest strict full triangulated subcategory of D{A) that 
contains all dg ^-modules A, for A ^ A, and is closed under summands. This category 
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has an alternative description. Let D{Ay be the fuh subcategory of D{A) consisting of 
compact objects, i.e. objects M such that {D{A)){M,?) commutes with all coproducts. 
Let £ be the set of all objects [i\A G D{A), for ^ G ^ and i G Z. From ([^ and ([^ 
we deduce that £ consists of compact objects, and moreover that £ generates D{A). The 
arguments of |Nee92j (cf. |BvdB03[ Thm. 2.1.2]) show that 

(2.4) pev{A) = D{Ay 

and that D(A) is the smallest strict full triangulated subcategory of D{A) that contains £ 
and is closed with respect to the formation of arbitrary D{A) -coproducts, i. e. the localizing 
subcategory of D{A) generated by £ is all of D{A). 

Remark 2.1. Let Z ^ K he a morphism of graded commutative dg algebras (for example 
the structure morphism k ^ K ). Let A be a dg K -category. We define res^ (A) to be 
the dg Z -category which is obtained from A by the obvious restriction along Z ^ K. 
Then one checks that the obvious restriction functor 

(2.5) res;^^^,,_^:C(^)^C(resf(^)) 

is an isomorphism of k -linear categories. This is just an elaborate version of the following 
fact. If R' ^ R is a morphism of rings, and A is an R -algebra, then the module cate- 
gories of A as an R -algebra and as an R' -algebra coincide (and only depend on the ring 
underlying A ). 

The above isomorphism (j2.5p in fact comes from an isomorphism xes^{Mod{A)) — > 
M.od{Yes^ A) of dg Z -categories. Similarly, we have isomorphisms T-L{A) ^'H{Tes^{A)) 
and D{A) — > D(resf (^)) of k -linear categories. 

2.4. Projective model structure for dg ^-modules. We refer to |Hov99aj (and |Lur091 
App.]) for the language of model categories. However we do not assume that functorial 
factorizations are part of a model structure. Since all model categories we consider will be 
cofibrantly generated we can fix such factorizations whenever convenient. 

We use the following terminology. If (P) is a property of objects in a model category, 
we define a (P) resolution (of an object X ) to be a trivial fibration whose domain has 
property (P) (and whose codomain is X ). It follows for example from the definition of a 
model category that any object has a cofibrant resolution. 

Let A be a dg ii' -category. For A € A and n G Z define dg ^-modules Sn,A '■= [n]A 
and Dn^A ■= Cone(ids„^). There are obvious morphisms in,A '■ Sn,A Dn,A in C{A). 
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Define the following sets of morphisms in C{A) : 

I ■■= {Sn,A Dn,A \ Ae A,neZ}, 
J := {0 ^ Dn,A \ A e A,n eZ}. 

Theorem 2.2. Let A be a (small) dg K -category. The category C{A) can be equipped 
with the structure of a cofibrantly generated model category whose weak equivalences are the 
quasi-isomorphisms and whose fibrations are the epimorphisms. One can take I as the set 
of generating cofibrations and J as the set of generating trivial cofibrations. 
We call this model structure on C{A) the projective model structure. 

Remark 2.3. Theorem \2.2\ seems to be well known, at least for K = k (cf. |Kel061 
Thm. 3.2] or |Toelli 3.2]j and in the dg algebra case |Fre09l 11.2.6]. Presumably one 
can deduce its existence also from |Lur09l App. 3] and even see that it is a C{K) -model 
structure. Our approach is elementary and essentially follows |Hov99al Section 2.3]. 

Proof. Let W be the class of quasi-isomorphisms in C{A). Adapting the method of 
|Hov99a[ Section 2.3] (and using the notation explained there) one proves that J-inj con- 
sists precisely of epimorphisms, that /-inj = W PI J-inj, that projective objects of C{A) 
are acyclic and that J- cof consists precisely of (split) monomorphisms with cokernel a 
projective object of C{A), so in particular J- cof C W. Then application of |Hov99al 
Thm 2.1.19 and Lemma 2.1.10] shows the result. □ 

Note that any object of C{A) is fibrant. Examples of cofibrant objects are the objects 
A and their shifts (take the pushout of a map in / along the morphism to the zero object). 

The proof of |Hov99al 2.3.9], adaptecjll to our setting, shows that the cofibrations are 
precisely the monomorphisms with cofibrant cokernel. This fact and the trivial fact that 
cofibrations are closed under composition shows the following two Lemmata. 

Lemma 2.4. Let f : M ^ N be a morphism in C{A) between cofibrant objects. Then the 
canonical morphism N — > Cone(/) is a cofibration, and in particular Cone(/) is cofibrant. 

Lemma 2.5. Let M' ^ M ^ M" be a short exact sequence in C{A) and assume that M' 
and M" are cofibrant. Then the inclusion M' ^ M is a cofibration and M is cofibrant. 
(In fact this short exact sequence is isomorphic to the standard short exact sequence M' ^ 
Cone(T) M" for some morphism r : [— 1]M" — t- M' in C{jX).) 

^ For this we need the foUowing result whose proof is similar to the proof of |Hov99al 2.3.6]: Let C be a 
cofibrant dg ^-module. Then given any epimorphism p : M ^ N in C{A) and any morphism f : C ^ N 
in Aiod{A) of degree zero (i.e. a morphism of graded ^-modules), there is a morphism f : C ~> M in 
Mod{A) of degree zero such that pf = /. 
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Lemma 2.6 (cf. |Hov99al Lemma 2.3.8]). Any cofibrant object of C{A) is h-projective. 



Proof. Let C G C{A) be cofibrant. Let f : C ^ N he a morphism in C{A) and 
assume that N is acyclic. Then the obvious epimorphism p : [—1] Cone(id7v) — t- is 
a quasi-isomorphism and hence a trivial fibration. Since C is cofibrant there is a lift 
h : C —?■ [—1] Cone(idAr) such that ph = f. This lift has the form and commutes 

with the differential. This implies that / = (In^—D) + {—D)dc and hence / = in 

niA). □ 

Denote by C[A)cf (resp. ?^(^)c/ ) the full subcategory of C(^) (resp. 'H(^) ) consisting 
of cofibrant (and fibrant) objects. From Lemma 12.41 we see that 'H{A)cf is a triangulated 
subcategory of HiA) (non-strict in general). Since any object of C{A) has a cofibrant 
resolution, Lemma [2.61 and ()2.3p immediately imply that the canonical triangulated functor 

(2.6) ■H{A)cf ^ D{A) 

is an equivalence. We fix for any any dg ^-module M a cofibrant (and hence h-projective) 
resolution p{M) — > M (we could even assume that p : C{A) — )■ C{A)cf is a functor). Then 
M !->■ p{M) extends to a functor 

(2.7) p : D{A) ^ 'H{A)cf 

which is quasi-inverse to (12. 6p . We will use p for (left-)deriving certain functors. 

A dg ^-module F is free if it is isomorphic in C{A) to a coproduct of shifts of objects 
A, where A varies in A. A dg ^-module F is called semi-free (cf. [ Dri041 13.1, 14.8]) 
if it can be represented as the union of an increasing sequence of dg -submodules Fi 
(where i € N) such that Fq = and each quotient Fi+i/Fi is a free dg ^-module. 

Lemma 2.7. 

(a) All semi-free dg A -modules are cofibrant. 

(b) Every cofibrant dg A -module is a retract of a semi- free dg A -module. 



Proof, (a) This follows from Lemma 12.51 since free dg A -modules are cofibrant (and cofi- 
brations are closed under transfinite compositions). 

|(b)| Let C G C{A) be cofibrant. The obvious variation of |Dri04[ Lemma 13.3, cf. 14.8] 
shows that there is a surjective quasi-isomorphism (= trivial fibration) f : F C where F 
is a semi-free dg -module. Since C is cofibrant, id^ factors through the trivial fibration 
/, and hence C is a retract of F. □ 
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2.5. Tensor product and flatness. Let A, B and C be dg -categories, and let X = 
bXjx be a dg A (^k -module and Y = a dg ;B ®k C°p -module. Their tensor 

product is the dg A ®k -module Y ®q X defined in the usual way (cf. |Kel94[ 6.1] or 
|Dri041 14.3]). This construction yields a dg -functor 

: Mod{B (g) C°P) (^K Mod{A ® S°p) ^ Mod{A ® C°p). 

Adg ^-module M is ^-homotopically-flat (abbreviated ^-h-flat) (cf. [Dri041 14.7]) 
if M (8)_4 X is acyclic whenever X is an acyclic dg A°^ -module. An equivalent condition 
is that (M(8>^?) preserves quasi-isomorphisms, i.e. whenever f : X ^ Y in C{A"^) is a 
quasi- isomorphism, then idAf ®Af ■ ^ ®A X M (8)_4 y is a quasi- isomorphism. 

Note that this also defines the notion of X-h-flatness by considering K as a dg K- 
category with one object. 

Note that a dg A°^ -module M is A°^ -h-flat if and only if (? (g)^ M) preserves acyclics. 

If M is a dg A'S)k13°p -module we say that it is ^-h-flat if each M(?, B) (for B eB°P) 
is ^-flat, i.e. if (Mcg)^?) maps acyclic dg -modules to acyclic dg -modules, and 
we define -h-flatness similarly. 

For example, all A (for A € A) are ^-h-fiat, since A(S)j\_^ = ^(^) canonically. More 
generally, the following is true. 

Lemma 2.8. Any cofibrant dg A -module is A -h-flat. In particular any cofibrant dg K - 
module is K -h-flat. 

Proof. A cofibrant dg ^-module is a summand of a semi- free dg ^-module (Lemma 12. 7p . 
and semi-free modules are obviously ^-h-flat (cf. |Dri04^ 14.8]). □ 

Lemma 2.9. Let f : M N be a quasi-isomorphism in C{K) and assume that M and 
N are K -h-flat. If L is any dg K -module, then f ®k id^, : M (^k L ^ N ®k L is a 
quasi-isomorphism. 

Proof. Let r : L' ^ L he a K -h-flat resolution of L (e. g. a cofibrant resolution, cf. 
Lemma l2.8p . In the commutative diagram 

M ®kL' ^ N ®K L' 



M (^K L N L, 

f ®K idi is a quasi-isomorphism since the other three morphisms are quasi-isomorphisms. 

□ 



Proposition 2.10. Let B be a dg K -category with cofibrant morphism spaces. 
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(a) If M is a cofibrant dg B -module, then M{B) is a cofibrant dg K -module, for any 
B £ B, and is in particular K -h-flat. 

Let A be a dg K -category. 

(b) Let IZ = A®K or TZ = A®k 13. Let X be a cofibrant dg TZ -module. Then 

:= X{?,B) is a cofibrant dg A -module, for every B £ B. In particular any 
cofibrant dg A ®k -module is A -h-flat. 

Assume that A has cofibrant morphism spaces. 

(c) If X is a cofibrant dg A®kB°^ -module, then X{A, B) is a cofibrant dg K -module, 
for all A £ A and B £ B, and is in particular K -h-flat. 



Proof. The assertions concerning h-flatness follow from Lemma 



(b)^implies (a) : Take A = K and n = A®kB = B. 



|(b)| and (a) imply |(c)[ Obvious. 

We need to prove |(b)[ We only consider the case TZ = A ®k , the case TZ = A (S>k B 
follows by considering instead of B. 

Any cofibrant dg A ®k -6°^ -module is a summand of a semi-free dg A ®k -module 
by Lemma 12.71 s-ncl cofibrant dg ^-modules are stable under summands. Hence we can 
assume that X is a semi-free dg A ®k -module. Then there is an increasing filtration 
= Fq C Fi C . . . oi X such that X = IJieN-^* each quotient Fj+i/Fj is a free dg 
A ®K 'B°P -module. 

Let B £ B. Evaluation at B is exact and hence yields an increasing filtration = C 
Ff C . . . of X^ such that X^ = UigN-^i^- obvious induction using Lemma 12.51 and 
the fact that cofibrations are closed under transfinite compositions shows that it is sufficient 
to show that all F^^^/Ff are cofibrant dg ^-modules. 

Fix i £'N. Then Fi^i/Fi is isomorphic to a coproduct of shifts of objects R fov R £ TZ. 
Evaluation at B yields that F^^^/F^ is isomorphic to a coproduct of shifts of objects R^ 
for R£TZ. 

~ B 

Hence it is sufficient to show that {Aq,Bq) is cofibrant for any {Aq,Bq) £ A'S)k 
Since B{Bq,B) is a cofibrant dg X -module, it is a direct summand of a semi-free dg K - 
module G. We can write G as the union/colimit of a sequence = Go C Gi C . . . of dg 
X -submodules such that all quotients Gj+i/Gj are free dg -modules. Fix isomorphisms 
Gj+i/Gj ^ 0ieiO+i)[rap"*"^^]i^ for suitable index sets L^^+^\ 

For A £ A we have 



(A^o fiA) = {A B), {Ao,Bo)) = A{A, Aq) ®k S{Bo, B) 



12 VALERY A. LUNTS AND OLAF M. SCHNURER 

B 

which is a direct summand of A{A,Ao) ®k G- Hence {Aq,Bq) is a direct summand of 
Aq ®k G = A{'^.,Aq) ®k G and it is enough to show that the latter is a cofibrant dg 
^-module. 

Since Gj C Gj+i splits in graded iiT -modules, A{1^Aq) ®k G is the union/colimit of 
its submodules 

= ^(?, Ao) ®K Go c Ai?, Ao) ^kGiC... 
and the subquotients are isomorphic to 

A{'!,Ao)®K{Gj+i/Gj)^A{'!,Ao)0K [n\'^'^]K = [np+V(?,^o); 

these claims can be checked by plugging in A £ A. 

Since coproducts of shifts of A(J,Ao) = Aq are cofibrant, an obvious induction using 
Lemma 12.51 (and a (countable) transfinite composition) shows that Aq ®k G is a cofibrant 
dg >l -module. □ 

2.6. Standard functors and constructions. We discuss some standard constructions 
and refer the reader to |Kel94[ Section 6] and |Kel06] for more details. 

Let A, B be dg K -categories, and let X = bX_a be an A(^k -module. 

2.6.1. Horn and tensor. This datum gives rise to a pair {Tx,Hx) of adjoint dg i^-functors 

(2.8) ModiB) Mod{A) 

"hx 

where Tx ■= (? 'Sib X), and Hx{M) is defined by 

(2.9) {Hx{M)){B) := {Mod{A)){X{l , B),M) 
for B £ B with the obvious action morphisms. 

2.6.2. Dual himodule. Following |Kel94l 6.2] we define the dg B S>k A°^ -vnoAvle X-^ = 
AiX^)B by 

(2.10) X^iB, A) := {ModiA)){X{7, B),A) 



for (B, A) £ B ®K A°^ with obvious action morphisms. Observe that there is a canonical 
transformation r : Tjj^x = (? (^a ^'^) ~^ Hx of dg X -functors. 
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2.6.3. Left derived tensor product. We define the triangulated functor LTx := (? (8)^ X) to 
be the composition 

(2.11) D{B) ^'H{B)cf ^n{A) ^ D{A), 

where the first arrow is the equivalence (|2.7p . Note that LTx preserves all (small) coprod- 
ucts. We call any functor D{B) — )• D{A) of this form a tensor functor. A tensor equivalence 
is a tensor functor that is an equivalence. 

2.6.4. Restriction and extension of scalars. Let F : B ^ A be a dg IT -functor of dg 
-fC -categories. Taking X = A in (|2.8p defines the extension of scalars dg -functor 
F* := prod^g := T4 = (? (8>e A) and its right adjoint Hj( which is canonically isomorphic 
to the obvious restriction of scalars dg IT -functor F^, := res^ . Obviously resg preserves 
acyclics and descends to a triangulated functor 

(2.12) res-§ : D (A) ^ D{B). 

It has Lprodg := LT4 as a left adjoint, and this functor preserves compact objects since 
its right adjoint commutes with coproducts. If F is a quasi-equivalence (as defined below, 
see |(qel)| and [(qe2)] ), then ([2^2]) is an equivalence and induces an equivalence 

(2.13) res^ : per(^) ^ per(^). 

This essentially follows from the results explained around (12. 4p and the fact that Lprodg 
commutes with coproducts and maps B to (an object isomorphic to) F{B). 

2.7. Model structure on the category of dg -categories. G. Tabuada defines in 
|Tab05j a model structure on the category of small dg categories. We discuss a small 
generalization of this result. 

Note that any dg K -functor F : A ^ B induces a functor [F\ : [A\ — ?> [B] on homotopy 
categories. K dg K -functor F : A^ B is a quasi-equivalence if 

(qel) for all objects 01,02 G A, the morphism F : ^(01,02) B{Fai,Fa2) is a quasi- 
isomorphism, and 

(qe2) the functor [F] : [A\ — ?• [B] is essentially surjective (i. e. surjective on isoclasses of 
objects). 

If l(qel) holds, then |(qe2)] is equivalent to the condition that [F] : [A\ [B] is an equiva- 



lence. 

Denote by dgcat^ the category of small dg -categories: Its objects are small dg 
-fC -categories, and its morphisms are dg -functors. 

Let Fib be the class of all morphisms G : X ^ y in dgcat^^ that satisfy the following 
two conditions: 
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(Fibl) for all objects xi,X2 of X, the morphism X{xi,X2) ^ y{Gxi,Gx2) is surjective, 
and 

(Fib2) for all objects xi in X and each isomorphism v : Gxi — t- y in [y] there is (an 
object X2 in X) and an isomorphism u : xi ^ X2 in [X] such that [G](n) = v 
(so Gx2 = y). 

Theorem 2.11 (cf. [TabOSj ) . The category dgcat^ can be equipped with the structure of 
a cofibrantly generated model category whose weak equivalences are the quasi- equivalences 
and whose fibrations are Fib . 

In the following, whenever we use model-theoretic terminology, we assume that all dg 
X -categories involved are small. 

Proof. The proof of |Tab051 Thm. 2.1] generalizes in the obvious way to this setting. □ 

Note that any object of dgcatj^ is fibrant. Moreover, the proof describes the class trFib 
of trivial fibrations (= morphisms that are weak equivalences and fibrations) as follows. A 
morphism G : X y in dgcat^ is a trivial fibration if and only if it is surjective in the 
following two senses: 

(trFibl) for all objects xi,X2 € X, the morphism G : X{xi,X2) — )■ y{Gxi,Gx2) is a 

surjective quasi-isomorphism, and 
(trFib2) G induces a surjection from the set of objects of X onto the set of objects of 3^. 

A dg -category T is discrete if T{X,X) = K for all X G J" and T{X,Y) = for 
all X,Y ^ F with X ^Y. A dg K -category T is semi- free (cf. [Dri04l 13.4]) if it can be 
represented as the union of an increasing sequence of dg K -subcategories Fi (where i € N ) 
such that J-Q is a discrete dg K -category and each F (for i > ) as a graded K -category 
(= category enriched over the symmetric monoidal category of graded K -modules) is freely 
generated over Fi-i by a family of homogeneous morphisms fa whose differentials dfa 
are morphisms in Fi^i (in particular all Fi have the same objects). 

Lemma 2.12. 

(a) All semi-free dg K -categories are cofibrant. 

(b) Every cofibrant dg K -category is a retract of a semi-free dg K -category. 



Proof, (a) A semi-free dg K -category has the required lifting property with respect to 
trivial fibrations, as follows from (the obvious variation of) |Dri041 13.6]. 

|(b)| Let C be a cofibrant dg -category. By the dg -version of [Dri041 Lemma 13.5] 
there exists a semi-free dg iiT -category F and a trivial fibration F ^ C (which can be 
assumed to be the identity on objects). Since C is cofibrant idc factors as C F C. □ 
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Definition 2.13. A dg K -category A is called K -h-flat if all morphisms spaces A{A,A'), 
for A, A' £ A, are K -h-fiat. 

Lemma 2.14. Cofibrant dg K -categories have cofibrant morphism spaces. In particular, 
they are K -h-flat, by Lemma \2.8l 

In the proof we will use the following obvious criterion for semi-freeness (generalized 
from |Dri041 13.1.(2)] to our setting). Let M be a dg ii' -module. Then M is semi-free if 
(and only if) the following condition is satisfied: M has a homogeneous ii' -basis B (as 
a graded ii' -module) with the following property: for a subset S C B let 6{S) be the 
smallest subset T C B such that dM^S) is contained in the ii' -linear span of T ; then for 
every b £ B there is an n G N such that 6^{{b}) = 0. 

Proof. Obviously retracts of dg K -categories with cofibrant morphism spaces have cofibrant 
morphism spaces. By Lemma [2. 121 it is therefore sufficient to show that any semi- free dg i^- 
category T has cofibrant morphism spaces. We even show that all J-{A,A') are semi-free 
dg -modules (for A, A' ^T). 

Choose an exhausting increasing filtration (J-i)igN of F such that Fq is a discrete dg 
K -category and J-^+i = Fi{Pi) (as a graded K -category) where Pi is a set of homogeneous 
arrows (= morphisms) such that the morphism dp is a cocycle in Fi for each p € Pi. 

This implies that the underlying graded -fC -category of F is freely generated by the 
arrows UieN-^*- Hence the set B{A,A') of all paths in these arrows starting at A and 
ending at A' is a homogeneous X -basis of F{A, A'). We claim that this basis satisfies the 
above criterion ensuring semi-freeness. 

For i G N denote the set of all paths in the arrows Us<i Ps by Bi, and by Bi{X, X') the 
subset of paths that start at X and end at X' (for X, X' £ Fi ), so Bi = X'eTj ^ji-^^ ^')- 
Then Bi(X,X') is is a homogeneous K -basis of Fi{X, X'). We fix i and can assume by 
induction that Bi{X,X') satisfies the above criterion for all X,X' € F. We need to show 
that Bi^i(A,A') satisfies this criterion. 

Let j € N. Note that Bj is stable by composition (= concatenation of paths). If S 
and T are subsets of Bj, then obviously 6{S UT) = 6{S) U 6{T). Moreover the Leibniz 
rule d{st) = d{s)t ± sd{t) shows that 6{ST) C 6{S)T U S6{T), and hence (5"(5r) C 
[Sl^,6^-\S)6^iT). 

For any (a : X Y) £ Pi we know that d{a) C Fi{X,Y), hence 5{a) C T for some 
finite subset of Bi. By induction we know that 6^{T) = for n big enough and hence 
5"+i({a}) =0. 

Any element b of is a finite product of elements a (in Bi or in Pi ) for which 

we already know that 5" ({a}) = for n ^ 0. Induction over the number of factors and 
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the above rule then show that S^{{b}) = for n 3> 0. This proves that all J- {A, A') are 
semi- free dg -modules. □ 

Lemma 2.15. Let G : TZ S be a quasi- equivalence of dg K -categories and let J-" 
be a K -h-flat dg K -category (e.g. a cofibrant dg K -category, cf. Lemma \2.14^ . Then 
G ®K idj:- : TZ ®K ^ S ®K F is a quasi-equivalence. 

Proof. This is obvious. □ 

3. Smoothness of dg if -categories 

We generalize results of |Lunl01 Section 3]. Recall that a if -h-flat resolution in dgcatj^ 
is a trivial fibration A' ^ A such that A' is if -h-flat, and that a cofibrant resolution is 
a trivial fibration A ^ A such that A is cofibrant. Any object of dgcat^ has a cofibrant 
resolution, and cofibrant resolutions are if -h-fiat by Lemma 12.141 

Lemma 3.1. Let f : A ^ A be a quasi-equivalence with cofibrant A and g : A! ^ A a 
trivial fibration. Then there is a quasi-equivalence h : A ^ A' such that f = gh. 

A' 

3h / 
7 f 

A ^ A 

In particular, such a lift h exists if f is a cofibrant resolution and g is a K -h-flat reso- 
lution. 

Proof. This follows directly from the definitions of a model category. □ 

If is a dg A 0k -module and A' ^ A and B' ^ B are morphisms of dg if - 
categories, we denote the restriction of N along A' 0k 13'°^ — A 0k by b'^A' ■ 

Lemma 3.2. Let A., B be dg K -categories, and let N be a dg A 0k -module. The 
following conditions are equivalent: 

(Swl) ^N-^ G ]ieY{A0K B°'^) whenever A^ A and B ^ B are cofibrant resolutions. 
(Sw2) G 'pei[A0K for a cofibrant resolution A^ A and a cofibrant resolution 

B^B. 

(Sw3) S per(^ 0k B""^) for a cofibrant resolution A ^ A. 

(Sw4) B-^A £ per(^ 0K B°'^) for a cofibrant resolution B ^ B. 

(Sw5) B'^A' ^ peic{A' 0K whenever A' ^ A and B' ^ B are K -h-flat resolutions. 

(Sw6) B'^A' £ per{A' 0K for a K -h-flat resolution A! ^ A and a K -h-flat 

resolution B' — t- B. 
(Swl) bNa' € per(>4,' 0k B°p) for a K -h-flat resolution A' A. 
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(Sw8) b'Na G V^^ACdK for a K -h-flat resolution B' B. 
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Proof. Obviously (Sw5) ^ (Swl) ^ (Sw2) ^ (Sw6) and (Sw3) ^ (Sw7) and (Sw4) 



(Sw8) 



Let a : A A be a cofibrant resolution and a' : A' ^ A a ii' -h-flat resolution. Then 
there is a quasi-equivalence h : A ^ A' such that a'h = a (Lemma 13. ip . Let b : B ^ B 
be a cofibrant resolution. In the commutative diagram 



A (8)K B°P 



A' B°P 



Ai 



A'0K I3"P 



all morphisms are quasi-equivalences, by Lemma 12.151 and the 3-out-of-2-property. This 
shows (using equivalence (I2.13P ) that (Swl) <^ 
(Sw4) <^ (Sw8) is similar. 



(Sw3) ^ (Sw7) The proof of (Swl) 



Let b' : B' ^ B be a K -h-flat resolution. There is a quasi-equivalence I : B ^ B' such 
that b'l = b (Lemma 13. ip . In the commutative diagram 



A^K 



A'(E)K 13°'^ 



A(E)K 13'°P 



A' 0A' e'°P 



all morphisms are quasi-equivalences, by Lemma [2. 151 This proves (Sw6) 
(S^ ^ 



as 



(Swl) as well 
□ 



Definition 3.3. A dg A^kI^""^ -module N is good (more precisely K -good) if it satisfies 
the equivalent conditions of Lemma \3.Si (Note that one can rewrite all these conditions using 
equality (j2^ .) 



Lemma 3.4. If TZ ^ A and S ^ B are quasi-equivalences and N is a dg A ®k - 
module, then N is K -good if and only if sNu is K -good. 

Proof. Let A! ^ A and B' ^ B he IT -h-flat resolutions, and let TZ ^ TZ and 5 — )• 5 
be cofibrant resolutions. Lemma 13.11 shows that the quasi-equivalences TZ ^ TZ ^ A and 
S ^ S ^ B lift to quasi-equivalences IZ ^ A! and S ^ B' respectively. These lifts give 
rise to the commutative diagram 



A!' 



9K 



5°P 



TZ(^K I3'°P 



A' S'°P 
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of quasi-equivalences (Lemma l2.15p . Hence b'^A' ^ per(^' (gj^ B'°^) if and only if € 
per(7?. (Sir 5°p). This proves the claim. □ 

By a dg -algebra we mean a dg X -category with a unique object, and we sometimes 
just refer to the endomorphism space of this object. 

Corollary 3.5. Let A be a dg K -category and B a dg K -algebra. Let N be a dg 
A®K -module. Assume that the structure morphism K ^ B is a quasi-isomorphism. 
Then N is K -good if and only if Ny\^ := res:^^^^° (A^) G per(^) (restriction along 
A ^ A(S>K K A(^K B^P ). 

Proof. Apply the lemma to 7^ = ^ and S = K ^ B = B. □ 

Any ring R can be viewed as an i? - i? -bimodule ("diagonal bimodule"). Similarly, any 
dg K -category A gives rise to the dg ^ (8) x -4°^ -module ( ^ - ^ -bimodule) A whose 
action morphisms 

(3.1) A{^', A!") ®K A{^, A!') ®K A{A, A!) ^ A{A, ^"), 

f ®g®h^ f.g.h := f o g o h, 

are just given by composition (where on the left we formally have to move A{A" , A'") as 
A°P{A"' , A") to the right). We call this module the diagonal bimodule. 

Lemma 3.6. Let A be a dg K -category. The following conditions are equivalent: 

(Sml) A € y>^t{A®k A°'P) for every cofibrant resolution A^ A. 
(Sm2) A € ^eT{A®K A°'P) for a cofibrant resolution A^ A. 
(Sm3) A' £ per(^' (g)^ A'°p) for every K -h-flat resolution A! A. 
(Sm4) A' G per(^' (g)^ A'°p) for a K -h-fiat resolution A' A. 
(Sm5) The diagonal bimodule A is K -good. 

Proof. This is a consequence of Lemma 13.21 applied to the diagonal bimodule A., and the 
following observation: Any morphism of dg X -categories F : TZ —?■ A gives rise to a 
morphism from the diagonal bimodule TZ to the restriction tzA-ji of the diagonal bimodule 
A, which is a quasi-isomorphism if and only if F induces quasi-isomorphisms on morphism 
spaces. □ 

Definition 3.7 (cf. e.g. {Toe091 Def. 2.3]). A (small) dg K -category A is smooth (more 
precisely K -smooth) if it satisfies the equivalent conditions of Lemma \3.6[ (Note that one 
can rewrite these conditions using equality (j2.4p . ) 
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Remark 3.8. In practice conditions (Sm3) and (Sm4) CL^e useful for (dis)proving smooth- 
ness. For example a K -h-flat dg K -category A is smooth if and only if A & per(^ (g)^ 

More concretely, if a dg K -algebra A is free (or semi-free or cofibrant or K -h-flat) 
when considered as a dg K -module, then A is smooth if and only if A ^ per(j4 (E)k A). 

Remark 3.9. If k is afield considered as a dg algebra concentrated in degree zero, then any 
dg k -module is cofibrant (since it is isomorphic to a coproduct of shifts of k and shifts of 
Cone(idk) ) and hence (Lemma \2.8\) ) k-h-flat. In particular any dg k -category is k-h-flat. 
Hence a dg k -category A is smooth if and only if A G per(^ (8)k A°^). 

This shows that our definition of smoothness generalizes the usual notion of smoothness 
over afield (see e.g. [LunlOl Def. 3.1]). 

Examples 3.10. Consider C[X] as a dg C -algebra with X of positive degree and differ- 
ential zero. Then we have: 

(a) C[X] is C -smooth. 

(b) C[X]/(X") is not C -smooth for n > 2, cf. Proposition \!^. 4 0\ below. 
Assume now that X has positive even degree, so that C[X] is graded commutative. 

(c) C[X]/(X") is not C[X] -smooth, for n>l, cf Proposition below. Note that 
C G per(C(8)c[x] C) = per(C), so C[X] -smoothness of C cannot be checked naively 
(without a suitable resolution). 

Remark 3.11. We claim that the opposite of a smooth dg K -category is smooth. This fol- 
lows from the following observations. If TZ ^ TZ is a cofibrant resolution, then 7^°p — )• TZ°^ 
is a cofibrant resolution. If A and B are dg K -categories, there is an obvious isomor- 
phism A ®K B ^ B ®K A of dg K -categories. By restriction it induces an isomorphism 
D{B A) — y D{A (E>K B) which of course preserves compact objects. For B = A°^ it 
sends the diagonal bimodule A to the diagonal bimodule A°'^. These statements prove the 
claim. 

Recall that two dg -categories are quasi-equivalent if they can be connected by a 
zig-zag of quasi-equivalences. 

Lemma 3.12 (Invariance of smoothness under quasi-equivalence) . If A —y B is a quasi- 
equivalence, then A is smooth if and only if B is smooth. 

In particular, if two dg K -categories are quasi- equivalent, then they are either both 
smooth or both not smooth. 



Proof. This follows from Lemma 13.41 (and the observation in the proof of Lemma l3.6p . □ 
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3.1. Invariance of smoothness under dg Morita equivalence. 

Definition 3.13 (cf. |Kel06l 3.8]). Two dg K -categories A, B are dg Morita equivalent 

if D{A) and D{B) are connected by a zig-zag of tensor equivalences (as defined after 

The aim of this section is to prove Theorem 13.171 below which says that smoothness is 
invariant under dg Moria equivalence. 

Lemma 3.14. Let A be a dg K -category and let b : B ^ B be a trivial fibration in 
dgcat^ . Let X = b^A be a dg A ®k B°^ -module, and let X' be its restriction to a dg 
A (^K -6°^ -module. Then the diagram 

D{B) ^ D{A) 




D{B) 

commutes up to a natural isomorphism. 

Proof. Step 1: (In this step it is sufficient to assume that b is epimorphic on objects and 
morphisms). We claim that the obvious evaluation morphism 

(3.2) B(^^X'^X 

is an isomorphism of dg A®k -modules. (This generalizes R/L = M for M an 

i?// -module.) 

The evaluation of B ®g X' at (A, B) ^ A ®k B°^ is (by the definition of the tensor 
product) the cokernel of the obvious morphism 

(3: B{bB",B)(^KB{B',B")^K X{A,bB') ^ ^BibB,B)C^K X{A,bB). 

B',B"€B BeB 

The evaluation map from the object on the right to X{A, B) factors through the cokernel 
to a morphism 

e: {B®gX')(A,B) ^ X{A,B). 
We need to show that e is an isomorphism. 



Since b is surjective on objects (trFib2) , there is an object B G B such that bB = B. 
Let s be the composition 

X{A, B) B{bB, B)0K X{A, bB) ^ B{bB, B)®k X{A, bB) {B X'){A, B) 

BeB 
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where the first map is defined by x i— t- id^ (8)x, the second map is the canonical inclusion 
and the third map is the projection onto the cokernel. Then obviously es = id . Hence 
e is surjective and it is enough to show that s is surjective. Let B G B and f ® x ^ 
B{bB, B) (^K X{A, bB) be a pure tensor. Since b is surjective on morphism spaces there is 
an element / G B{B, B) such that b[f) = f. Then f3 maps the element 

idB 0/ X G B{bB, B) ®k B{B,B) (^k X{A, bB) 

to / (X) X — id_B ^fx. This implies that s is surjective and proves our claim that (13.2p is an 
isomorphism. 

Step 2: If y is a dg ;S iSik -6°^ -module, there is an obvious natural transformation 

(? 4 X') o (? ®§ Y) ^ (? ®i (y 0g X')) 

of functors D{B) D{A). Putting Y = B = qB^ and using the isomorphism ()3.2p we 
obtain a natural transformation 



T : (? 0|X')o(? 0^ B) ^ (? 0^ X) 

Since obviously (? 0^ B) — > res- it is enough to show that r is an isomorphism. 

Note that r is a natural transformation of triangulated functors that commute with 
coproducts, and recall that D{B) is the localizing subcategory of D{B) generated by the 
objects B, for B ^ B, (cf. after (|2.4p ). Hence to show that r is an isomorphism it is 
sufficient to show that Tg is an isomorphism for all B £ B. 

Let B £B. Since B is cofibrant we have B (g)^ X = B (g>s X = X(?, B) in D{A) and 



B®^B^B^tsB = B{bl, B) in D{B). Since b is surjective on objects |(trFib2)] there is 



an object B such that bB = B. Then B = B{1 , B) ^ B{bl , B) is a cofibrant resolution 



by (trFibl) and Theorem 12. 2[ Using this we have 

{B ®^ B) ®^~X' ^B «)g X' = B) = X{1, bB) = X{1, B) 
in D{A), and under this identifications is the identity of X{?,B). □ 

Corollary 3.15. Let A and B be dg K -categories. Assume that X = b^A is a dg 
A(gKB°^ -module such that the functor LTx := : D{B) D{A) is an equivalence. 

Let a : A ^ A and b : B ^ B be cofibrant resolutions, and let X be the A ®k B°^ - 
module obtained by restriction from X. Then LT^ := (? 0- X) : D{B) D{A) is an 
equivalence. 
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Proof. Let X-r be X viewed as an A ®k -module and consider the following diagram. 



D{B) 



D{B) 



5tX 



D{A) 



A 

res - 
A 



D{A) 



Its lower right triangle is obviously commutative. Its upper left triangle is commutative up 
to a natural isomorphism by Lemma l3.14i The assumptions imply (cf. (|2.12p ) that both 
vertical functors and the lower horizontal functor are equivalences. Hence the remaining 
two arrows are equivalences. □ 

Proposition 3.16. Let A and B be cofibrant dg K -categories. Let X' be a dg A0kS°^ - 
module such that the functor LTx' '■= (? 0^ X') : D{B) — > D{A) is an equivalence. Then 
A is smooth if and only if B is smooth. 



Proof. The main argument of this proof is from |Lunl01 Lemma 3.9]. Some technical details 
are extracted from |Kel941 Section 6]. 

By Lemma [HTUl we have to show that A G peic{A'SiK~^°^) if and only if S € per(S(8i_ft:-S°P). 

Let ^ : X X' be a cofibrant resolution in C{A B"^). Let be a dg ;B -module 
and consider the diagram 



(3.3) 



LTx'iN) 



Tx'pN 




LTxN 



TxpN 



TxN 



in D{A) with obvious vertical and horizontal morphisms. The upper horizontal arrow is 
an isomorphism since the cofibrant dg -module pN is i3-h-flat (Lemma 12. 8p . The right 
vertical arrow is an isomorphism since X is B°^ -h-flat (obvious variant of Prop. 12.101 
part |(b)| ). We define ip = (fx to be the indicated composition of these isomorphisms. In 
fact this extends to a natural isomorphism : LTx' — > Tx of functors D(B) — > D{A) 
(where Tx is defined in the obvious way, using that X is -h-flat). In particular Tx 
is an equivalence. 

For any B € B, the dg ^-module X^ = X{?,B) is cofibrant by Proposition 12.10] 
and in particular h-projective (Lemma 12. 6p . This implies that Hx as defined in (j2.9p 
maps acyclic dg ^-modules to acyclic dg S -modules, and hence descends directly to a 
triangulated functor Hx ■ L){A) — t- D{B). The unit e and counit rj of the adjunction 
(j2.8p hence directly provide an adjunction {Tx,Hx) between Tx : L){B) — > D{A) and 
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Hx ■ D{A) — > D{B). Since Tx is an equivalence, Hx is a quasi-inverse. Since Tx 
preserves all coproducts, the same is true for Hx- 

Recall the definition of the dg B (^x ^-module from (|2.10p and that there is a 
canonical transformation r : Tx± — > Hx- This morphism provides a natural transformation 
r : LTx± Hx of triangulated functors, defined on an object M G ^^(-4.) as the indicated 
composition in the following commutative diagram. 

(3.4) LTx±M = Tx±pM HxipM) 

Hx{M) 

It is clear that the vertical morphism on the right is an isomorphism, and it is easy to 
check that the upper horizontal arrow is an isomorphism if M = A, for all A £ A; hence 
all are isomorphisms. Since both LTx± and Hx preserve all coproducts, this implies 
already (by the same argument as in Step 2 of the proof of Lemma [3.14p that r is a natural 
isomorphism (and that the upper horizontal arrow in diagram (j3.4p is an isomorphism for 
ah M). 

Let v:Y ^ be a cofibrant resolution of X^ in C{B A"^)- As above (cf. dSlS]) ') 
we explicitly construct an isomorphism if) : LT-^± ^ Ty- 

Note that ^ ot-^ : Hx ^ Ty is an isomorphism which shows that Tx has a quasi- 
inverse given by a tensor-functor. 

For a dg S -module consider the following commutative diagram in D{B) which is 
built from the adjunction morphism e^v, from ()3.4p and the analog of (jS.Sp . 

roTi, 

N HxTxN ^ — Tx±TxN TyTxN 




LTx^TxN 



It implies that the dotted composition r o T„ : TyTxN — )• HxTxN in the upper row is (as 
indicated) an isomorphism. This is important for the following reason: If N has addition- 
ally a left dg 7^ -module structure (i. e. it is an dg B 0k T^°^ -module) then all morphisms 
in the upper row are morphisms of dg B ®k -modules and in fact isomorphisms in 
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D(B TZ°^) since we can test this by plugging in R & TZ. (A priori the entries in the 
lower row have no left dg 7^ -module structure.) 

We apply this to TZ = B and the diagonal bimodule B and obtain isomorphisms in 
D{B ®K ^"P) (or quasi-isomorphisms in C{B®k B°^) or n{B ®k ) 



(3.5) 



B HxTxB TyTxB 



B®bX®aY 



Similar we obtain for M a dg ^-module the following diagram in D{A). 

TxToTxT^j 



Vm Txt TxTv 

M ^ TxHxM ^ TxTx^M ^ TxTyM 



TxHxpM 




TxTx±pM 5^ TxTypM 




Txt 



Tx-4> 



TxLTx±M 

The upper row is again compatible with any available left dg module structure on M. 
Applied to the diagonal bimodule A we obtain an isomorphism 



(3.6) A TxHxA ^^-^ TxTyA 



Ai 



X 



X 



in L»(^Ox^°P). 
The dg ii' -functor 

yAx(?) := y®e? ®B X : Mod{B Ox B°'^) Mod{A®K A°p) 
is the composition of the two dg ivT -functors (y^e?) and (? (S)b X) ; it preserves acyclic 



modules since Y is 0-flat and X is S°P-flat (Prop. [2.1UI part (b)). Hence it directly 
descends to a triangulated functor 

yAx = y(»e? (^B X : D{B (^K e°P) ^ D{A ®k A°'^). 

Similarly, we define a functor 

xAy = X®X! Y : D{A ®K A"") ^ D{B ®k B""^). 

We claim that yAx and xAy are quasi-inverse to each other. This follows from (j3.5p 
and (j3.6p but let us include the details: The functor xAyoyAx coincides with the obvious 
composition 



D{B ®K S°P) ^^^^^ D{B S°P) ^^^^^^ D{B ®K 
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The second functor is (canonicahy isomorphic to) the functor LTx(^jy- The morphisms 
in (j3.5p are quasi-isomorphism when considered in C{B (S)k Hence they induce an 

isomorphism between LTx^^y and LT^ = id (use Lemma 12. 8|) . A similar reasoning 
apphes to the first functor, and hence x^Y ° v^x — id. Similarly, ()3.6p implies yAx o 
xAy = id . 

The mutually quasi-inverse equivalences yAx and x^y preserve compact objects. 
Using (I3.6P again we have yA.x{B) = Y (g)^ B 0i3 X = Y X = A, and similarly 
xAy{A) = B. This implies that the diagonal bimodule A is compact if and only if the 
diagonal bimodule B is compact. □ 

Theorem 3.17. Let A and B be dg K -categories. If A and B are dg Morita equivalent, 
then A is smooth if and only if B is smooth. 

Proof. It is enough to show the claim if there is a tensor equivalence D{B) — > D{A). 
Let A A and B B he cofibrant resolutions. By Corollary 13.151 we can lift our 
tensor equivalence to a tensor equivalence D{B) — > D{A). Now the result follows from 
Proposition 13.161 and Lemma 13.121 □ 

Corollary 3.18. Let B ^ A be a morphism in dgcat;^ . // resg : D{A) D{B) is an 
equivalence, then A is smooth if and only if B is smooth. 

Proof. Let X he A viewed as a dg S (g)^ A°^ -module. Then Tx = (? ®a X) ^ res^, 



Corollary 3.19. Let A be a dg K -category. Assume that A is triangulated in the sense 
that it is pretriangulated and that its homotopy category [A] is Karoubian (= idempotent 
complete). Assume that there is an object E & A such that E is a classical generator of 
[A]. Let A{E) := A{E,E) be the dg K -algebra of endomorphisms of E. Then 



is a triangulated equivalence, and moreover A is K -smooth if and only if A{E) is K - 
smooth. 

Proof. Let £ d A he the full dg K -subcategory whose unique object is E. The upper 
horizontal functor in the commutative diagram 



and hence 




□ 



A{E,1):[A]-^V^t{A{E)) 



[A] 



per(^) 




per(f ) 
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£ 



is induced by the Yoneda embedding. It is an equivalence since A is triangulated. Since E 
is a classical generator of [A\ per(^), both non-horizontal functors in the above diagram 
are equivalences. It follows (cf. explanations around (|2.4|) . or [LunlOl Lemma 2.12]) that 
res^ : D{A) — > D{£) is an equivalence. Now use Corollarv 13.181 □ 

3.2. Directed dg X -categories. Our aim is to prove Theorem 13.241 below which gener- 
alizes and strengthens [LunlOl Prop. 3.11]. 

Let A and B be two small dg K -categories and let N = _a^Nq be a dg B ®k A'^^ - 
module. Let £^ symbolically denoted 

'b o" 

N a\ ' 

be the following dg K -category: Its objects are the disjoint union of the objects of A and 
B, and its morphisms are given by 

£{A, A') = A{A, A'), £{B, A') = N{B, A'), 

£{A, B') = 0, £{B, B') = B{B, B'), 

for objects A, A' € Obj A C Obj £ and B,B' G Obj B C Obj £, and units and compo- 
sitions are obvious (e.g. for A G A and B,B' € B composition is given by the action 
morphism 

£{B', A) ®K £{B, B') = N{B', A) 0k B{B, B') N{B, A) = £{B, A) 
of the dg S -module N). 

Remark 3.20. Conversely, if £ is a small dg K -category such that we can split the set 
of objects into two disjoint subsets, giving rise to full subcategories A and B, such that 
£{A,B) = 0, then £ = ^4] for N := £\b^kA°p ^he indicated restriction of the diagonal 
himodule £. 

Remark 3.21. The quiver picture of £ is B '^^^) A. 

If 5 is a dg (J -module we can restrict it along the obvious inclusions A d £ and 
B C £ and obtain a dg ^-module and a dg ;B -module S\is. Furthermore the action 
morphisms S{A) (^k £{3, A) — > S{B), for A £ A and B £ B, induce a morphism 

■■ S\a^aN ^ S\b 

in C{B). In this manner we see that a dg f -module S is the same as a triple {S^., Sq, ip : 
Sa'S'a^ — > Ss) where 5^ is a dg ^-module, is a dg i3 -module and (/? is a morphism 

i ^ 1 

in C{B). We describe such a dg f -module symbolically as 5 = Sq ^ Sa- 
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Morphisms of / : S — )■ S" of dg f -modules are in this description pairs (/s,/^) where 
/b : — )■ S'^ and : -5^ — >■ S'^ are morphisms of dg B- and A -modules respectively 
such that /b ° 'Ps = ^S' ° if A ®A idAr)- We denote such a morphism symbolically as 



/ = fB fA 



Lemma 3.22. Let a : A (Z £ be the obvious inclusion. The functor a* = res^ : D{£) 
D{A) maps compact objects to compact objects. 



Proof. This functor has a right adjoint D{A) — t- D{£), defined by U i— )• I ^ U 

which preserves all coproducts. This implies the statement. □ 

The inclusion b : B C £ defines the dg -functor prodf := (? (8>b ^) : M.od{B) 
M.od{£), given by 

(3.7) prod|(F) =f V ^ \ 

It preserves acyclics and descends to a triangulated functor b* := prod| : D{B) D{£). 
This functor has the right adjoint functor 6* := res| : D{£) — > D{B), mapping S as above 
to Sb. 

Lemma 3.23. Let V € D{B). If b*{V) = prod|(y) is compact in D{£), then V is 
compact in D(B). 

Proof. Obviously b* : D{B) L>{£) commutes with all coproducts. The unit id b^b* of 
the adjunction is an isomorphism, so b* is fully faithful. This implies that statement. □ 

3.3. Smoothness of directed dg ii' -categories. The following is the quiver picture of 

£ ®K £°'^, where wc additionally have drawn the quiver of £ on the horizontal axis and 
that of £'°P on the vertical axis (note that the B ®k A -module N can be viewed as a 
^"P^x-B -module iV°P): 



N<S,kB°p 

(3.8) B^K B°P ^ A®kB°p 



N°P 



op 



;N°1> 



.4°P B ®K .4°P ^ A ®K 

B ^ ^A 

Wc can describe dg £®k£'^^ -modules in a similar way as explained above for dg £ -modules: 
Let M be such a module (wc always view it implicitly as a bimodule). Restriction along 
the four morphisms of dg -categories B ®k B""^ ^ £ ®k £°^ , A(g>K B°p ^ £ (g)K ^ °p, 
B ®K £(S)k£''^j a (g)K A°^ £®K gives rise to the dg modules 

BMB:=^B^^4iM), BMA:=^B^^SAiM), ^M^ := $ires|(M), ^M^ := 5ires^(M). 
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Furthermore the action morphisms of N from the right and from the left give rise to closed 
degree zero morphisms 



baOa ■■ N ®e (bMa) ^ aMa, 



aOab ■■ UMa) ^aN^ aMb, 
baOb ■■ N ®B {bMb) aMb 



of suitable dg modules, for example the last morphism is a morphism in C{B ®k 
These morphisms fit in the commutative diagram (since the N -left action and the N -right 
action commute) 



(3.9) 



id®(ge^g) 

N ®B (bMb) N (^B (bMa) ®a N 



(aMa) ^A N. 



aMb 

We conclude that a dg 8®°^ -module M is (equivalent to) the datum 

bMa, aMa, bMb, aMb, b(^ab, a^ab, ba(^a^ ba&b, 

of dg bimodules and closed degree zero morphisms as above such that (j3.9p commutes. It 
is convenient to describe such a bimodule M symbolically by the diagram 



bMb bMa 



baSb 



aMb 



A 



Ma- 



The diagonal bimodule £ (cf. (jS.ip ) is given by the diagram 
(3.10) ^ ^ 



£ 



I id I 
N ^ A. 



where we identify A^a^ = ^ and N ^b B = N. 

We described in ()3.7p an extension of scalars functor. Similarly, we have extension of 
scalars functors for bimodules, e. g. the morphism A <S)k A°^ £ ®k £"^ induces the 
extensions of scalars functor 

^prod^ : A^o(i(^«)/r ^°p) ^ Mod{£ ^k£°^)- 

A computation shows that it maps a dg ^ -^"^ -module X to 

(3.11) (^prod5i)(X)= ' ^ 




I 

X (^aN 



id 




\ 

X. 
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In particular we can apply this to the diagonal A (^k -module A and obtain 
(3.12) 



^^prod5i)(^) 



0-^0 
N^A. 



Similarly, we can induce along B ®k — )• £ ®k £°^ and obtain for the diagonal 
bimodule B that 



(3.13) 



(|prod|)(i3)=[ fi^O 

I id I 
iV ^ 0. 



Similarly, extension of scalars along B (^k A°'^ — > £ ®k £°^ applied to N gives 
(3.14) 



(^prod|)(iV) 



0-^0 

\ \ 

Now we can prove the following generalization and strengthening of |LunlOl Prop. 3.11]. 



Theorem 3.24. Let A and B be dg K -categories, let N be a dg B 
let 

^B 



A°^ -module, and 



£ 



N A. 



The following conditions are equivalent: 

(El) A and B are K -smooth and N is K - 
(E2) £ is K -smooth. 

Remark 3.25. // A and B are dg K -algebras and N is a dg B i^k -module, then 
we can view A and B as dg K -categories and form the dg K -category £ = ^ ^ 
with two objects as above. On the other hand we can consider the obvious dg K -algebra 
E := ^ ^ • Then the obvious dg K -equivalence M.od{E) — > M.od{£) is given by an 
£ (^K E°P -bimodule, and hence E and £ are dg Morita equivalent. In particular E is 
K -smooth if and only if £ is K -smooth (Theorem 13.11^ . 

This remark obviously generalizes to dg K- categories/ algebras of the form 
M is a dg A (E)k -module, and also two bigger matrix categories/ algebras. 



B M 
N A 



where 



Example 3.26. Assume that k is afield, and let V be a (dg) k-module. Then the dg 



k -algebra 



k 
V k 



is k -smooth if and only if V is finite dimensional. 



Example 3.27. Consider C 
the dg C[X] -algebra 



C 
C C[X] 



X] as a dg C -algebra with X of positive even degree. Then 
is not C[X] -smooth since C is not C[X] -smooth, see Ex- 



ample \3.1^ (c) 
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Proof. Step 1: Reduction to the case that A and B are cofibrant dg -fC -categories and 
that is a cofibrant dg A ®k -module. 

Let A ^ A and i3 — t- i3 be cofibrant resolutions and let N 
resolution (in C{B ®k -4.°p) ) of the restriction jNs ■~ 



be a cofibrant 
(4res|)(A^) of N. Note that 



N 



A 



jiVg in D{B(S>K -4°P). Then |(El)| is by definition equivalent to 



A(£peT{A(E)KA°^), B £per{B(^KB°P), and N (£ peT{B C^k A^^), 



which is equivalent to A, B being ii' -smooth and N being X-good. 
Let 

^B O" 



£' 



N A 



The obvious morphism £'—?■£ of dg -fC -categories is a trivial fibration (check the conditions 



(trFibl) and (trFib2) using the description of the trivial fibrations in Theorem I2.2p . and 



even a K -h-fiat resolution since £' is K -h-fiat (use Lemma 12.141 and Proposition 12.101 
part (c)). Hence [(^E2)| is by definition equivalent to £' € peT{£' i-e. to K- 

smoothness of 

Step 2: Assume A and B are cofibrant dg A' -categories and that is a cofibrant dg 
A ®K B°P -module. Let £ = By Step 1 it is enough to prove that |(E1)| and |(E2)| 

are equivalent under these additional assumptions. 

Since is a cofibrant dg B 0k A°^ -module, the functor ^prod^ preserves acyclics (use 



([3TT]) and the fact that N is -h-fiat by Prop. [2T0l part [(b)] (and Lemma EUD) and 
hence trivially descends (without taking cofibrant/choosing h-projective resolutions) to a 
functor between the derived categories denoted by the same symbol. The analog statement 
holds for §prod§ (similar proof) and for ^prodg (obvious from the fact that it maps Z 

N ) . These extension of scalars functors preserve compact 



to 



I I as in (imi) for Z 



objects since restriction, their right adjoints, obviously commute with all coproducts. 
The short exact sequence 




in C{£ ®K £°'^) gives rise (cf. (f3l^ . (IXT3D . (fm|) . and (i3T0D ) to the triangle 
(3.15) (^prod|)(Ar) ^ (^prod^)(^) e (|prod|)(^) ^£^ [1](^ prod|)(Ar) 

in L>(£:®i^ ^°P). 
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If pI)] holds, the first two corners of the triangle ()3.15p are compact, hence the third 
corner f is compact. This proves [(^E2)[ 

Conversely assume that |(E2")] holds, i.e. the diagonal bimodule 8 is compact in D{£(S)k 

We first prove that B G per(fi (g)K B°p). Let T := A(g)K -B^p C £ (E)k be the full 
dg -subcategory (the upper right corner in the quiver picture (j3.8p ). and let U be its 
complement. Then there are no non-zero morphisms in £ (S)k from T to U, hence we 
are in the situation of Section 13.21 cf. Remark 13.201 In particular we have the functor (cf. 

u* := prod^®^^°' : D{U) ^ D{£ (g)K £°'') 

and its right adjoint functor = res^®^^^ ^ . Since the diagonal bimodule £ (cf. (|3.10p ) 
"has support in Z//" it satisfies £ = u*u^,£, and Lemma 13.231 shows that u^:£ € Dili) is 
compact. 

Now consider the full dg i^' -subcategory i : B (^k C U (the upper left corner 
in the quiver picture p.Sp ). There are no non-zero morphisms from B ®k to its 
complement in lA, hence we are again in the situation of Section 13.21 and have the functor 

■= res^^^gop : D{U) D{B ®k B°^). Since uu^£ G D{B ®k B°^) is the diagonal 
bimodule B and compact by Lemma [3.221 we obtain B € per(i3 ®k B""^). 

Similarly, the inclusion A®k-A°'^ ^ U yields A € i>ev[A®K A°^). Then in the triangle 
(|3.15p the objects (^j prod5i)(.4) © (| prod|)(5) and £ are compact, hence (^prod§)(A^) 
is compact. If we denote the inclusion B®kA"^ ^ £®k£"^ by v we have v* = 5iprod| . 
Hence compactness of v*{N) implies compactness of N in D{B®kA°'^) bv Lemma l3.23^ 
i. e. iV G per(i3 ®k A°'^). This proves |(E1)[ □ 

3.4. Quillen adjunction for dg categories. Let R S be a morphism of graded 
commutative dg algebras. As in Section 12.71 we can consider the categories dgcat^ and 
dgcat^ of small dg i?- and dg S* -categories. There are obvious extension and restriction 
of scalars functors 

dgcat^ ^ dgcats 

res| 

and we have an obvious adjunction ((?(g)ij S"), res^, (/?). We sometimes write ^5 := A^rS, 
if ^ is a dg i? -category. 

Proposition 3.28. The adjunction ((? (8)/? 5), res^, (/?) is a Quillen adjunction (where 
dgcat^ and dgcat5 are equipped with the model structure of Theorem \2.11\) . 
It is a Quillen equivalence if and only if R S is a quasi-isomorphism. 
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Proof. From the proof of Theorem 12.111 one obtains explicitly a set I/j (resp. Is ) of gener- 
ating cofibrations and a set (resp. J5 ) of generating trivial cofibrations for the model 
structure on dgcat^ (resp. dgcat^). Then obviously the image of Ir (resp. Jr) un- 
der (? S) is precisely Is (resp. J5), and the first statement follows from [Hov99al 
Lemma 2.1.20]. 

To prove the second statement, assume that ((? 5), res^, ip) is a Quillen equivalence. 
Note that R € dgcat^ is (semi-free and) cofibrant and that any object of dgcat5, for 
example S, is fibrant. Since id : R (g)/? S ^ S is a quasi-equi valence, the corresponding 
morphism ip{id) : R — > res'^(S') is a quasi-equivalence. This just means that R ^ S is a 
quasi- isomorphism. 

Conversely, assume that R S is a quasi- isomorphism. Since any cofibrant dg R- 
category is i?-h-flat (Lemma 12. 14p and any dg 5 -category is fibrant, it is enough to show 
the following claim: Let A be an i?-h-flat dg i? -category and S a dg S" -category. Then 
a morphism / : A (8>i{ S ^ B is a quasi-equivalence if and only if ^{f ) : A resf^{B) is a 
quasi-equivalence . 

Given / : A ®r S ^ B, the morphism (p{f) is the obvious composition 
(3.16) A res|(^ <^r S) I^^MH^ res|(^). 

The first morphism of this composition can be viewed as the morphism A (8)_r R ^ A 0r S 
obtained from — )• 5" ; it satisfies |(qe2)| for trivial reasons and |(qel)] since A is i?-h-flat. 
The second morphism is a quasi-equivalence if and only if / is a quasi-equivalence. Hence 
the 2-out-of-3-property proves our claim. □ 

3.5. Smoothness and base change. We continue the discussion in Section [3.41 and keep 
the assumptions there. 

Let Q : dgcat^ — )• dgcatjij be a fixed cofibrant replacement functor. If A is a dg R- 
category, then Q{A) is cofibrant and we have a trivial fibration Q{A) — t- ^ (= a cofibrant 
resolution) which is natural in A. 

The map A 1-^ Q{A)s defines a functor dgcatjij dgcat^ . It maps weak equivalences 
to weak equivalences and hence induces the following functor between homotopy categories, 

(? (g)|j S) : Ho(dgcat^) ^ Ho(dgcat5), 

A^A0^S = QiA)s = QiA) ®r S. 

Remark 3.29. We explain how R -h-flatness may help when computing A (Sir S. Let 
A' —J" A be an R-h-flat resolution, for example a cofibrant resolution (Lemma \2.14 )■ Then 



Q{A) — )■ A factors as a quasi-equivalence Q{A) A' followed by A! ^ A (Lemma \3. 
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Consider the commutative diagram 

A ^ A' A's = A'0rS 
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A Q{A) Q{A)s = Q{A) 0r S 

R = R ^ S 

whose lower three vertical arrows are merely symbolical. Note that Q{A)s A'g is a quasi- 
equivalence (use Lemma \2.9\) . Hence R -h-flat-resolutions are enough for computing the base 
change Q{A)s up to quasi- equivalence. Similarly, if S is R-h-flat, then we can replace 
A! by A in the above diagram (and A' ^ A by id_4 j and obtain a quasi- equivalence 
Q{A)s As (Lemma \2.15\) . These observations can be used for testing S -smoothness of 
Q{A)s (LemmalMW- 

Theorem 3.30. Let R ^ S be a morphism of graded commutative dg algebras and let A 
be a (small) dg R -category. 

(BCl) (Smoothness and base change) If A is R -smooth, then Q{A)s is S -smooth. 

Now assume that R S is a quasi-isomorphism. 

(BC2) A is R -smooth if and only if Q{A)s is S -smooth. 

(BC3) If B is a (small) dg S -category, then B is S -smooth if and only if res^(jB) is 
R -smooth. 

Proof. We need some preparations. We abbreviate res := res|^ . 
Step 1: Let T be a dg -category. The adjunction morphism 

(3.17) r^res(r5) 

is a morphism in dgcat/j and gives rise to the functor 

(3.18) wodlf := prod^^'^s : C{r) ^ C{ies{Ts)) = C{Ts) 

where the equahty is the canonical identification explained in Remark 12.11 Explicitly, a dg 
T-module M is mapped to the dg -module Ms ■= prod^(M) which is given by 

Ms{T) = M{T) S 

at T G 75 and has the obvious action morphisms. On the level of derived categories we 
obtain the functor 

(3.19) Lprod;^' : D{T) D{iesTs) = D{Ts), 

mapping M to p{M)s, which preserves compact objects (as explained in Section [2.6.4p . 
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Step 2: Let A, B be dg i? -categories. Then ([3l^ applied to T = A®rB°'^ yields a 
functor 

Prod:lSlf"^" : C{A ®R B°P) ^ C{As ®s {BsD- 
Explicitly, let X be a dg A(^r module. Then Xs is given on {A, B) G As 05 {Bs)°^ 
by 

Xs{A,B)=X{A,B) (g)RS 

with obvious action morphisms. In particular, for A = B this shows that the diagonal 
bimodule A is mapped to the diagonal bimodule As- We need a similar statement on the 
level of derived categories. 

Step 3: Let A, B and X be as above, but assume in addition that A and B have 
cofibrant morphism spaces and that X{A,B) is i?-h-flat for all A G A, i? € Let 
7 : p{X) — > X be a cofibrant resolution of X in C{A0rB°'^). We claim that p{X)s — )• Xs 
is a quasi-isomorphism. By Proposition 12.101 all p{X){A, B) are cofibrant dg i? -modules 
and in particular i?-h-flat. Hence, by Lemma [ 



{piX)iA, B)) ^R S 2^^!^}^ x{A, B) ®R S 
is a quasi-isomorphism for all A G i? € proving our claim. Hence 

Lwod-%^^r^^.'^°\x)=p{X)s ^ Xs 

in DiAs^siBsD- 

Step 4: Assume that ^ is a cofibrant dg i? -category. Then A has cofibrant and K- 
h-fiat morphism spaces (Lemma I2.14p . so we can apply Step 3 to the diagonal bimodule 
X := A. This implies that 



(3.20) Lprod;!^^^:^^)" :Z)(^'$Dij^°P)^I)(^5®5(^'5^°P^ 



maps the diagonal bimodule A to an object isomorphic to the diagonal bimodule As- 
Now we can prove our claims. 



(BCl) : Assume that A is i? -smooth. Then by definition the diagonal bimodule Q{A) 



is compact. Hence from Step 4 with A = Q{A) (and the fact that the functor in (j3.20p 
preserves compact objects) we see that the diagonal bimodule Q{A)s is compact. This is 
equivalent to Q{A)s being 5 -smooth (note that Q{A)s is a cofibrant dg S* -category, as 
follows from Proposition 13.281 and the fact that any left Quillen functor preserves cofibrant 
objects). 

Assume now that R ^ S is a quasi-isomorphism. 



(BC2) : If T is an i?-h-fiat dg i? -category, (j3.17p is a quasi-equivalence (cf. the ex- 



planation below (|3.16p ) and (|3.19p is an equivalence (cf. before (j2.13p l. The cofibrant dg 
i? -category Q{A) is ii-h-flat (Lemma [2TTi|) . But then also Q{A) ^rQ{A) is /?-h-fiat. 
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and hence (|3.20p for A = Q{A) is an equivalence mapping the diagonal bimodule Q{A) 
to (an object isomorphic to) the diagonal bimodule Q{A)s- This means that A is smooth 
if and only if Q{A)s is smooth. 



(BC3) : Let B he a dg S category and consider the cofibrant resolution Q(res(;S)) 



res(0). Then Q{ves{B))s ^ B is a quasi-equivalence, since ((? (8>ij 5), res'^, is a Quillen 



equivalence (Prop. [3.28p . (It is even a cofibrant resolution; use (trFibl) and (trFib2) ) Now 



use Lemma [XT2] and (BC2) □ 



3.6. Locally perfect categories and smoothness. We extend some presumably well- 
known results (cf. e.g. part of the proof of [KelOSl Lemma 4.1], or |Shk07[ Prop. 3.4]) to 
the dg K -setting. This Section may be skipped: only Corollarv 13.371 is used later on in one 
of the two proofs of Proposition I3.4U[ 

Definition 3.31 (cf. |TV07l Def. 2.4]). A dg K -category A is locally K -perfect (or 
locally K -proper) if A{A, A') is a compact dg K -module (i. e. in per(i^) ) for all A, A' € 
A. 

It is easy to show that local X -perfectness is invariant under quasi-equivalences. 

Definition 3.32. Let A he dg K -category. A dg A -module M is called locally K - 
perfect (or locally K -proper) if M[A) is compact when considered as an object of D{K), 
for all A^ A. The full subcategory of D{A) consisting of locally K -perfect dg A -modules 
is denoted by Dip{A). 

Clearly, local -R' -perfectness of dg ^-modules is invariant under isomorphisms in D{A). 

Lemma 3.33. Let A be a dg K -category. Then A is locally K -perfect if and only if 
per(^) C Dip{A). 

Proof. In general, Dip{A) is a strict full triangulated subcategory of D{A) and closed 
under summands. Hence it contains per(^) if and only if it contains all A, for A ^ A; 
this condition just means that A is locally -perfect. □ 

Lemma 3.34. If F : B ^ A is a quasi-equivalence of dg K -categories, then restriction 
along F induces an equivalence resg : Dip{A) Dip{B). 

Proof. We know from Section [2.6.41 that resg : D{A) T){B) is an equivalence. If M is 
a locally X -perfect dg ^-module, then obviously resg(M) is locally ii' -perfect. Since 
local ii' -perfectness is invariant under isomorphisms in D{B) it is enough to show that the 
converse is also true. 

Let A £ A. Then there is an object B £ B such that A and F{B) are isomorphic in 
[A]. Application of [M] : [A°p] HiA) shows that M{A) and M{F{B)) are isomorphic 
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in Ti^A) and a fortiori in D(A). Hence if res^(M) is locally -perfect, then M{F{B)) 
and hence M{A) are compact in D{K). This implies that M is locally ii' -perfect. □ 

Proposition 3.35. Let A be a dg K -category. If A is K -smooth, then Dip{A) C 
per(^). 

Proof. By Section 12.6.41 and Lemma 13.341 we know that restriction along a K -h-flat resolu- 
tion A ^ A induces an equivalence res'- : D{A) — )• D{A) identifying per(^) with per(^) 
and Dip{A) with Dip(A). Hence it is enough to prove the claim under the additional as- 
sumption that A is ii' -h-flat. 

We start with some preparations. If A is an object of a dg -category A, there is a 
unique dg K -functor K ^ A (where K is viewed as a dg K -algebra) mapping the unique 
object of K to A. We denote this functor hy K = Ka A to indicate its dependence on 
A. 

Let A, B be dg X -categories and let M be a dg ^-module. Consider the K - 
functor 

Fm : Mod{B ®k A°^) Mod{B), 
X ^ M 0ji^X, 

and let LFm : D{B ®k A""^) D{B), X ^ M (8)ap{X), be its left derived functor. 

If X is a cofibrant dg B ®k A°^ -module, then p{X) — > X is a quasi-isomorphism 
between cofibrant objects in C{B ®k A°^) and an isomorphism in ^{B ®k A"^)., hence 
LFm{X) ^ Fm{X) in D{B). 

Let B £ B, Ae A°^. It is easy to see that 

Fm{(B^)) = {M{A)) ®kB = {msi^{M)) ®k B 
in C{B). Since {B.,A) is cofibrant we have 

(3.21) LFm{{B^)) ^ {vesijM)) ®k B 
in D{B). 

Let prodf-^ : A4od{K) — > A/[od{B) be the extension of scalars functor along K = Kb — > 
B. Obviously prodf'^(A^) = N ®k B. Assume now that B is K -h-^al. Then prod^^ 
preserves quasi-isomorphism. Hence p(res'^^(M)) — )• res'^^(M) yields an isomorphism 

(3.22) Lprod|^(res;^jM)) ^ (res;^jM)) ®k B 
in D{B). 

Assume in addition that M G Dip{A). Since Lprodf-^ preserves compact objects, (j3.2ip 
and (|3:22D show that LFm{{B^)) G per(^). 
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This implies that LFm induces a functor 

LFm ■■ per(S C^K A°^) per(^) 

(under the assumptions that B is ii'-h-flat and M is locally -R' -perfect). 

Now assume that A is i^-h-flat and -smooth. Then A € per(^ A°^) by 
Lemma l3.6i The above arguments applied to B = A show: If M is a locally X -perfect 
dg ^-module, then 

LFm (A) e per(^). 

We now prove Dip{A} C per(^). Let N G Dip(A). Then p{N) is locally K -perfect 
and we obtain 

per(^) 3 LFp^N)iA) = piN) (8)^p(^) 
Since p{A) A is a. quasi-isomorphism and p{N) is ^-h-flat (Lemma 12. 8p we obtain 

p{N) (g>A p{A) ^ p{N) (g>AA = p{N) ^ N 

in D{A). This shows N G per(^). □ 

Corollary 3.36. Let A be a dg K -category that is K -smooth and locally K -perfect. 
Then 

Dip{A) = per(^). 

Proof. Follows from Proposition 13.351 and Lemma l3.33i □ 

Corollary 3.37 (cf. |Shk071 Prop. 3.4]). Let A be a dg k -algebra over afield k, and let 
M be a dg A -module. 

(a) If A is k -smooth, then dim[^H{M) < oo implies M G per(^). 

(b) If A is k -smooth and H(A) is finite dimensional, then dim[^ H{M) < oo if and 
only if M £ per (A). 

Proof. Obviously, M G Dip{A) if and only if M G per(k) if and only if H{M) is finite 
dimensional. Similarly, A is locally perfect over k if and only if H{A) is finite dimensional. 
Now use Proposition 13.351 and Corollary 13.361 □ 

3.7. Smoothness criteria. In this Section k will be a field (viewed as a dg ring con- 
centrated in degree zero). Our aim is to prove the two smoothness criteria provided by 
Propositions 13.40] and [37i3] below. The latter Proposition will be essential for Section HI 
We need some preparations for the proof of the first criterion. 

Lemma 3.38 ( |ELO09| Lemma 9.5]). Let k be afield and A a dg k -algebra. Assume that 
H^{A) = k and H^{A) = for all i < 0. Then there is a dg k -subalgebra U of A such 
that = k, {/* = for all i < 0, and the inclusion U ^ A is a quasi-isomorphism. 
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Proof. Let C C Z^{A) be a linear subspace such that the restriction of Z^{A) — > H^{A) 
to C is an isomorphism, and let B C be a linear subspace such that d : A^ ^ 
induces an isomorphism B — > d{A^). Define W := for i < 0, := k, C/^ := C © B, 
W := A^ for i > 1, and take C/ := U\ □ 

If = 0jg2 is ^ graded abelian group which is bounded and nonzero, we define its 
amplitude by 

ampl(iV) := max{i e Z \ N' ^ 0} - mm{i eZ\N' j^O}. 

Lemma 3.39. Let k be afield and let A be a dg k -algebra such that W{A) = for all 
i < and H^(A) = k. Assume that H{A) is bounded above and let m £ N be maximal 
such that H"^{A) 7^ 0; assume that m > (i. e. k / H{A) ). Let M £ per(A) with 
M ^ 0. Then H{M) is bounded and nonzero and 

ampl{H{M)) > m. 

Moreover, dim^ i?*°P(Af ) > dim^ if*" (yl) , where H^°p{M) is the highest non-vanishing 
cohomology of M. In particular, M has at least two nonvanishing cohomology groups. 

Proof. Let U C A be as in Lemma 13.381 Then resj) induces an equivalence per(74) ^ 
per(C/) preserving cohomology. Hence by replacing A hy U we can assume in addition 
that A* = for all ? < and that A^ = k. 

Let M € per (A), M ^ 0. Since A is positively graded with A^ = k C A as a dg 
subalgebra, we can assume that M has a finite filtration = Fq C Fi C ■ ■ ■ (Z Fn = M in 
C{A) such that Fi/Fi_i = [li]A for suitable h > h > ■ ■ ■ > L (this follows from [Schlli 
Thm. 1]; see Rem. 9 there for a picture). 

Obviously = for i < -h, and I e A° = {[li]Ay^^ = Fi^'^ C M^'i is a cocycle in 
M that defines an nonzero element of H^^^{M). 

We prove by induction on the length n > 1 of the filtration that there is a surjection 
i?-'"+™(M) ^ ^ and that i?-'"+'»+*(M) vanishes for i > 0. For n = 1 this is 

obviously true. Let n>2 and assume that the claim is true for n — 1. Consider the short 
exact sequence 

^ Fn^i ^ M ^ [ln]A ^ 0. 

For i > we have obviously i7-'"+™+*([/„]A) = H'^+'{A) = and by induction 
fj-in-i+rn+{i+in-i-in) _ Q ^[^106 ln-1 — > 0. The long exact cohomology sequence 
then proves that i?~'"+'"+*(M) = for i > and that 

is surjective. 
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We have proved that the lowest (resp. highest) cohomology of M lives in degree —li 
(resp. — /„ + m ). Hence ampl(i?(M)) = —In + m + li > m. □ 

Proposition 3.40. Let k be a field and let A be a dg k -algebra such that H^{A) = for 
all i < 0, H^{A) = k, and H{A) is bounded above. Then A is k -smooth if and only if 
k = H{A). 

Proof. Recall that smoothness is invariant under quasi-isomorphisms of dg k -algebras 
(Lemma I3.12p . If k = H{A) then k ^ A is a quasi-isomorphism and hence ^ is k- 
smooth. 

Assume that k ^ H{A). We give two proofs showing that A is not k -smooth. 
First proof: Lemma [3.381 shows that we can assume in addition that = for all i < 
and that ^4*^ = k. Then it is obvious that A has a one dimensional "augmentation module" 



k. If A is k -smooth, part (a) of Corollarv 13.371 implies that k € per (A). This contradicts 
Lemma I3.39[ 

Second (easier) proof: Since we work over a field, smoothness of A is equivalent to A 
being in per(yl (8)^ A°^). Let r € Z be maximal such that H^{A) ^ 0. By assumption 
< r < oo. Since H{A (g)k ^°p) = H{A) (8)k i?(^°P) (at least as graded k -modules), 
AiSik A°P satisfies the assumptions of Lemma l3.39t and m = 2r is the degree of the highest 
nonzero cohomology group of A (8)k A""^. The assumption A G per(A ^°p) yields the 
contradiction r = a,mpl(H{A)) > 2r. Hence A is not k -smooth. □ 

Before we can give the proof of the second criterion. Proposition I3.43[ we explain some 
preparatory results and introduce some notation. Let 

M = {...^MiA Mi+i ^ . . . ) 

be a complex in C(k), i.e. a complex of complexes in k -vector spaces. We associate with 
M a double complex Dbl(M) (of k -vector spaces) defined as follows: 



Dbl(M)^^' := m/, 
d' : Dbl(M)*^' ^ Dbl(M)^+^'^ m ^ fi{m), 

d" : DhliMY^ ^ Dbl(M)^'J+\ m ^ {-iydM,{m). 

Let {N,d',d") be a double complex. For / € Z let F^'N be the subcomplex such that 
(F^iV)»i = if i < / and {F^Nfj = N^^ if i > /. The F^N define a decreasing filtration 
• • • D F'-N D F'+^iV D ... on iV. We define the total complex Tot(iV) associated to N, 
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a complex of vector spaces, by 

Tot(iV)" := 

i+j=n 

d ■ Tot(iV)" ^ Tot(iV)"+i, 

N'^ 3m^ d'{m) + (i"(m) G N'+'^'^ © N''^+^ C Tot{N f+\ 

It has an induced filtration. We define tot := Tot o Dbl . 

Let K be a dg k -algebra. Given a complex M in C{K), i.e. a complex of dg K- 
modules, then each "column" Dbl(M)" of Dbl(M) is obviously a graded ii' -module (and 
differential and X -module structure are related by d"{mk) = d"{m)k + ( — 
for m £ Ml and k e K) and d' : Dbl(M)" Dbl(M)*+i'* is -linear. It follows 
that tot(M) becomes a dg -module which is equipped with a decreasing filtration by dg 
X-submodules F'tot(M). Moreover it is clear that Dbl and Tot are functorial. 

Lemma 3.41. Let k be a field and K a graded k -algebra such that = for i < 0, 

= k. Let M be a graded (right) K -module which is bounded below, i. e. there is m 
such that = for all i < m. Then M has a "minimal" graded free resolution, i. e. 
there is a complex 

P = (. . . ^ Pi ^ Pi+i ^ . . . ^ P_i ^ Po ^ ^ . . .) 

of graded free K -modules together with a quasi-isomorphism P — ^ M, given by p^ : Pq ^ 
M such that 

(a) the obvious morphism tot(P) — > M (induced by po ) is a cofibrant resolution of M 
in C{K) and is bounded below by m, i. e. tot(P)* = for i < m (here we view 
M = {M,dM = 0) and all {Pi, dp. = 0) as dg K -modules, where K = {K,dK = 

0);; 

(b) the differential in the complex P ®k k in C(k) vanishes (and in particular the 
differential in tot(P) ®k k = tot(P ®k k) vanishes); 

(c) if K is a (right) Noetherian ring and M is a finitely generated K -module, then 
all Pi are finitely generated K -modules; 

(d) if M has finite projective dimension s as a K -module, then P^ = for all i < —s. 

In particular, if K is Noetherian and M is finitely generated and of finite projective di- 
mension, then dimk H{M 0^ k) < oo, where M i8)^ k G D{k) is obtained by extension of 
scalars along the obvious (augmentation) morphism K ^k of dg k -algebras. 

Proof. We sometimes write N = N iSir k if is a graded K -module, and similarly for 
morphisms. 
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Since Pq := M (8>k X is a graded projective -R' -module, the obvious morphism Pq ^ M 
factors through M — t- M to a morphism po • ^0 ~^ Note that pq : Pq M is an 
isomorphism; this imphes in particular that cokpo = 0, hence cokpo = (since cokpo 
is bounded below), and po is surjective. Apply this method now to the kernel of pq. By 
induction we obtain a graded projective resolution 

of M, such that all pi for i < —1 vanish. This shows [(b)| Since the "vertical" differential 
d" in Tot(P) vanishes it is obvious that tot(P) ^ M is a surjective quasi-isomorphism. 
There is an obvious filtration on tot(P) showing that tot(P) is semi- free as a dg K- 
module and and hence cofibrant. By construction Pq is generated in degrees > m and 
Pq : Pq ^ M is an isomorphism in degrees < m ; hence its kernel is generated in degrees 
> m + 1. So P-i is generated in degrees > m + 1 and p_i induces an isomorphism onto 
the kernel of pq in degrees < m + 1. By induction Pi is generated in degrees > m — i. 



This implies that tot(P) is generated in degrees > m. These arguments show (a) Claim 



(c) is obvious. 



Assume that M has projective dimension s. Then p-g induces an isomorphism from 
P^s onto the kernel of Ps+i (see [BouOTl X.§8.7, Prop. 8 (and Cor. 2)]). Hence Pi = 
for all i < —s, proving [(d) [ 

Assume that K is Noetherian and M is finitely generated and of finite projective di- 
mension. Then M (8)^ k is isomorphic to the dg k -module tot(P) (Sir ^ = tot(P (Sir k) 
with vanishing differential and finite (total) dimension. □ 

Lemma 3.42. Let k be a field and K a graded k -algebra such that = for i < 0, 
= k. We view K as a dg (V-) algebra with differential dx = 0. 
Let M be a dg K -module that (or whose cohomology) is concentrated in degrees > m 
for some m £ Z. Then H{M (g)^ k) is concentrated in degrees > m, and M (8>^ k is 
acyclic if and only if M is acyclic. 

Proof. If M is acyclic it is clear that M 0^ k is acyclic. 

If the cohomology of M is concentrated in degrees > m, replace M by the dg i^- 
submodule defined as follows (cf. Lemma I3.38|) : It is zero in all degrees < m, coincides 
with M in all degrees > m, and in degree m it is the direct sum of a subspace of Z{M)^ 
that goes isomorphically onto H"^{M) and a subspace of M™ that goes isomorphically 
onto B'^+^iM). 

Hence we can assume without loss of generality that M is concentrated in degrees > m. 
Since dx = the morphism dM '■ M ^ [1]M is (i^ -linear and hence) a morphism in 
C{K). The short exact sequence Z{M) ^ M ^ [V\B{M) in C{K) yields a triangle in 
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D{K) and by rotation a triangle 



B{M) Z{M) M 




[l]B{M) 



for some morphism B{M) Z{M) in D{K). Since B{M) and Z{M) have vanishing 
differential and are concentrated in degrees > m + 1 and > m respectively, Lemma 13.411 
yields cofibrant resolutions P — > B{M) and Q — )• Z{M) in C{K) such that P and Q 
are graded free as K -modules, concentrated in degrees > m + 1 and > m respectively, 
and such that the differential of P ®k k and of Q ®k k vanishes. Replacing the first two 
terms of the above triangle by these cofibrant resolutions yields a triangle 



Since P is h-projective (even cofibrant) we can assume that the morphism P — t- Q is 
represented by a morphism e : P ^ Q in C{K). Note that Cone(e) is h-projective and 
concentrated in degrees > m. Hence there is a quasi-isomorphism Cone(e) — )• M. This 
implies that Cone(e idk) = Cone(e) (8)x k = M (8)^ k has cohomology concentrated in 
degrees > m. 

If M 0^ k is acyclic, then e ®k idk • P ®K k — > Q <^k k is a quasi-isomorphism, and 
an isomorphism since the differentials of P ®k k and Q 0k ^ vanish. A morphism / of 
bounded below graded free ii' -modules is an isomorphism if and only if / (gix id^ is an 
isomorphism. This implies that e : P ^ Q is an isomorphism, and hence Cone(e) = M is 
acyclic. □ 

Proposition 3.43. Let k be a field and K a graded commutative graded k -algebra such 
that = for i < 0, = k. We view K as a (graded commutative) dg k -algebra with 
differential dx = 0. Assume that K is a (right) Noetherian ring of finite global dimension. 
Let A be a dg K -algebra such that H{A) is a finitely generated H{K) -module (of course 
H{K) = K ) satisfying H{Ay = for i < and H^{A) = k. Furthermore we assume 
that the structure morphism K ^ A induces a monomorphism = H^{K) ^ H^{A) 
on the first cohomology groups (this is the case for example if vanishes). 

Then A is K -smooth if and only if (the structure morphism) K A is a quasi- 
isomorphism. 

Proof, K A is a quasi-isomorphism then A is obviously K -smooth (Lemma I3.12p . 
Consider K A as a morphism of dg -fC -modules, and fit it into a triangle 



in D{K). Since K ^ A induces isomorphisms on cohomology in all degrees < and a 
monomorphism in degree one, H{Q) is concentrated in degrees > 1. Extension of scalars 



P ^ Q M ^ [l]P. 



A^Q^ [1]K 
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along K K/K^^ = k yields the triangle 

k ^ A Ol;- k ^ Q 0^ k ^ [l]k 

Lemma 13.421 and the long exact cohomology sequence show that W [A k) vanishes for 
i < and that k — > H'^IA (8)^ k) canonically; moreover k — > H{A (gjj^ k) if and only if 
K ^ A is a quasi-isomorphism. 

The dg -version of |Dri04l Lemma 13.5] and Lemma 12.121 yield a cofibrant resolution 
A^ A where A is a (semi-free and) cofibrant dg X -algebra A. Let B := A®k k. 

Since A ^ A can be viewed as a cofibrant resolution in C{K) by Lemma [2.141 we obtain 
B ^ A®^k in D{k). From the above we obtain H{By = for i < and H'^{B) = k; 
moreover k = H{B) if and only if K A is a quasi-isomorphism. 

Claim: H{B) is bounded above (even finite dimensional as a k -vector space). 

Assuming this claim, we proceed as follows. Let A be ii' -smooth. Then Q{A) ®x ^ is 



k -smooth by Theorem 13.301 part (BCl) , and the same is true for B by Remark 13.291 Now 
Proposition I3.4U1 shows that k = H{B). Hence K A is a quasi-isomorphism. 

Proof of the claim: We prove that H{A (8)|^ k) has finite k -dimension. Let P be 
a "minimal" graded free resolution of the graded left X -module M = k as provided by 
Lemma 13.411 (note that K is graded commutative) . By assumption on K we know that 
Pj = for i ^ and that all Pi are finitely generated K -modules. Then A (S)^ k = 
A(SiK tot{P) = tot{A^K P) in D{k). Recall the decreasing filtration F^tot{A^K P) of 
the dg k -module tot (A ®k P)- It is finite in our case. It gives rise to a spectral sequence 
{E^} converging to = gr* (//'"'"■' (tot (A P)))- Hence it is sufficient to prove that 
some page of the spectral sequence is finite dimensional. 

Note that Pi is a graded free -fC -module, hence it is isomorphic to a direct sum of 
(finitely many) shifts of K as a dg -ftT -module; hence A ®k Pi is isomorphic to a direct 
sum of shifts of A (as a dg ^ -module) , and the Ei -page of our spectral sequence is given 

by 

= W+^gr' tot{A P)) = H'+^{[-i]A ®k Pi) 
= H\A ®K Pi) = H^{A) (S)K P, 
with differential di : E^^ — )• E]^^'-' equal to 

id^,(^) (®pi : W{A) Pi H^{A) ®k Pi+i- 

Let H{A)(S)K P be the complex in C{H{A)) obtained from the complex P in C{K) by 
extension of scalars along K = H[K) — > H[A). The vertical differential d" of its double 
complex T)h\{H{A) ®k P) vanishes since dfj^A) = and dp. = 0. If we forget it we 
have El = Y}h\{H{A) ®k P)- The vanishing of d" then implies that E2 = H{Ei) has the 
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same dimension as H{tot{H{A) (g)^ P))- Note that tot{H{A) (g)^ P) = H{A) (g)^ tot(P) = 
H{A) (g)^ k. Lemma I3.4H now applied to M = H{A) (which is finitely generated and of 
finite projective dimension as a -module), shows that dim\^ H{H{A) (g^ k) < oo. Hence 



4. Smoothness of equivariant derived categories 

4.1. Sheaves of dg modules over sheaves of dg algebras. Let X be a topological 
space. We work with sheaves of modules over a fixed field k (up to and including Sec- 
tion 14.1.11 it could be a commutative ring; later on it will be M ) on X. Let A = Ax be 
a sheaf of dg (k-)algebras on X. We denote by A4od{A) the following dg ( k-)category: 
Objects are dg (right) >l -modules (= sheaves of dg modules over the sheaf A of dg al- 
gebras), morphisms are ^-linear (and not necessarily compatible with the differentials), 
a morphism has degree n if it raises the degree by n, and the differentials on morphism 
spaces are defined in the usual way. 

We define the abelian category C{A), the (triangulated) homotopy category ^{{A) := 
[7V4o(i(^)] and the (triangulated) derived category D{A) of dg ^-modules in the obvious 
way. Quasi-isomorphisms in C{A) or T-L{A) are defined in the obvious way. 

For example, the constant sheaf k = kx on X with stalk k is a sheaf of dg algebras 
and D{kx) is the usual (unbounded) derived category of sheaves of k -vector spaces on X. 
We denote this category sometimes by D{X). 

4.1.1. Injective model structure on C{A) . The following result is presumably known but 
we could not find a good reference (cf. [BekOOj and |Hov99b| ) . 

Proposition 4.1. There is a cofibrantly generated model structure on C{A) such that the 
weak equivalences are the quasi-isomorphisms and the cofibrations are the monomorphisms. 
We call it the injective model structure on C{A). 

Proof. Our proof essentially coincides with the proof of jBekOOl Prop. 3.13] and is based 
on the result |BekOOl Thm. 1.7] by J. Smith. We therefore need to check the assumptions 
and conditions c0-c3 there, for the category C{A), W the class of quasi-isomorphisms in 
C{A), and / a suitable set of morphisms to be found. 

li j : U ^ X is the inclusion of an open subset, define Sn,u '■= [iT-jjlj*-^ and Dn^u '■= 
Cone(ids^y). Then, for M G C{A), we have canonical isomorphisms 



E2 is finite dimensional. 



□ 



(4.1) 
(4.2) 




{C{A)){Sn,u,M) ^ Z-"{M{U)) 
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The second equality implies that C {A) is a Grothendieck category (cf. the proof of |KS061 
Thm. 18.1.6]), and in particular locally presentable ( [BekOOt Prop. 3.10]). In the same way 
C{H{A)) is locally presentable. 

Let H : C{A) — )• C{H{A)) be the cohomology functor. It follows as in the proof of 
[BekOOi Prop. 3.13], using [BekOOi Prop. 1.15 and 1.18], that c3 is satisfied. 

Let Mono be the class of monomorphisms in C{A). Then [BekOOi Prop. 1.12] provides 
a set / C Mono such that Mono = /- cof . It is clear that Mono fi W is closed under 
pushouts and transfinite compositions (cf. proof of |Hov99bl Cor. 1.7]). This shows c2. 

Condition cO is obvious, so we are left to show cl, i.e. /-inj C W. Since /-inj = 
(I-cof)-inj = Mono- inj we need to show that Mono- inj C W. Let (99 : M — ?> N) € 



Mono- inj . Let x ^ X. We need to show that (fx 



Nx is a quasi-isomorphism. 



Any element of Z~^{Nx) comes from some / € Z~"'{N{U)), for some open subset U C X 
containing x. This element corresponds (use (j4.ip ) to the lower horizontal morphism in the 
commutative diagram 







5, 



n,U 



M 



N 



which admits the indicated lift h. This shows that (px is surjective on cocycles. 

Now assume that an element of Z^'"'(Mx) becomes a coboundary in Nx- Then there are 
an open subset U C X containing x and elements / € Z~^{M{U)) and g G N~'^~^{U) 
such that fx is the given cocycle and (p{f) = dN{g). If we interpret g and / as morphisms 
using (|4.ip and (|4.2p we obtain a commutative diagram 



M 



D. 



n,U 



N 



whose left vertical morphism is the obvious monomorphisms to the cone; then there is a lift 
h as indicated showing that the cocycle / is already a coboundary. 

Now we can apply [BekOOi Thm. 1.7]. □ 

A dg ^-module / is called h-injective if all morphisms — > / in C{A) with acyclic 
N are homotopic to zero, i. e. {'H{A)){N, I) = 0. The arguments dual to those used in the 
proof of Lemma 12.61 show that fibrant objects in C{A) are h-injective. 
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Denote by T-L{A)h-in} (resp. A^O(i(^)h-inj ) the full subcategory of ^{{A) (resp. M.od{A)) 
consisting of h-injective dg -modules. Standard arguments show that the canonical func- 
tor 

(4.3) H(^)h-inj ^ D{A) 

is a triangulated equivalence. Since T-l{A)h.in} ■= [■M.od{A)h-m]] this means that A^od(^)h-inj 
is a dg enhancement of D(A). 

In Section [27il a (P) resolution of an object X was defined to be a trivial fibration C X 
with C having property (P). All objects in the (projective) model categories considered 
there were fibrant. Now in the (injective) model category C{A), all objects are cofibrant, 
so it is convenient to extend this definition and to say that a (P) resolution of an object 
X is a trivial cofibration X ^ F with F having property (P). Even if not mentioned we 
hope that it is always clear from the context which object is resolved. 

We fix for any any dg ^-module a fibrant (and hence h-injective) resolution, i.e. 
a monomorphic quasi-isomorphism N ^ '■(-A) in C{A) with l{N) fibrant (and hence 
h-injective). Then N '■(-A) extends to a functor 

(4.4) i : D{A) ^ n{A%.ini 

which is quasi-inverse to (j4.3p . We will use t for (right-)deriving certain functors. 

4.1.2. Extension and restriction. The structure morphism A gives rise to dg functors 
res := resjf and prod := prodjf , 

prod 

(4.5) Mod{k) -r^ Mod{A), 

res 

and there is an adjunction (prod, res) given by the obvious isomorphisms. 

The following assumption on the structure morphism will be satisfied in our main appli- 
cations. 

(Str-Qiso) The morphism k ^ ^ is a quasi-isomorphism. 



Lemma 4.2. Assume that ( Str-Qiso ) is satisfied. Then the adjunction (14. 5j) induces quasi- 
inverse equivalences 

prod 

D{k) D{A) 

res 

of triangulated categories. 



Proof. Let M G A4od{k). Since we work over a field the dg functor (M(8)k?) preserves 
(acyclics and) quasi- isomorphisms (test on the stalks). If we apply this functor to the 
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quasi-isomorphism k ^ ^ we see that the adjunction morphism Em : Af — t- res(M A) 
is a quasi-isomorphism. 

Similarly, for N € A4od{A), the adjunction morphism (5jv : (resA^) (S)k A ^ N is a 
quasi-isomorphism: This is the case if and only if res{6i\i) is a quasi-isomorphism; consider 

res A/ res((res A*) (g)k ^) > res A*; 

the composition is idres at, and the first morphism is a quasi-isomorphism as observed above; 
hence res((57v) is a quasi-isomorphism. 

Note that prod (we work over a field) and res both preserve acyclics. Hence these two 
functors descend to triangulated functors between D{k) and D{A) which are adjoint and 
quasi-inverse to each other by what we observed above. □ 



Remark 4.3. Assume that ( Str-Qiso] ) is satisfied. One may ask whether (prod, res) defines 



a Quillen equivalence between C(k) and C{A) if we equip each of these categories with 
the injective model structure from Proposition \4-l\ One can use [Fre09l Thm. 11.1.13] to 
transfer the injective model structure on C{k) to a model structure on A such that we 
obtain a Quillen equivalence. For this model structure on C{A), the weak equivalences are 
the quasi-isomorphisms, and the cofibrations are contained in the monomorphisms. We did 
not check whether we have equality there. 

4.1.3. Standard functors for a decomposition into an open and a closed subspace. We con- 
tinue the above discussion by providing some preparations for the proof of Theorem 14.91 
below. 

Let i : F ^ X be a closed embedding and j : U ^ X the complementary open 
embedding. Let Af '■= i*A and Ajj := j*A. Since the obvious dg functors i*, if := i^: = i\ 
and j\, j* := j' = j* between A4od{AF), J^od{Ax), and M-od{Au) preserve acyclics 
they induce the horizontal functors in the following diagram: 



res, ^ 



■Ax 



res. 



Arj 

res, " 



D{Af) D{Ax) D{Au) 

The vertical functors are the obvious restriction functors (which preserve acyclics and hence 
descend trivially to the derived categories) along the respective structure morphisms as 
described in Section 14.1.21 In this diagram the four obvious squares commute, and we have 
adjunctions {i*,i^) and 
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Since i : F ^ X is a closed embedding we have the dg functor v : JV[od{Ax) ~^ 
Mod{AF)- It preserves h-injectives since its left adjoint u preserves acyclics. We define 
Rr to be the composition 

Rl- : D{Ax) A ?^(^)h-inj ^ H(^F)h-mj ^ D{Af). 

Then we have an adjunction {u,Rr). Similarly, we define : D{Au) — > D{Ax) and 
obtain an adjunction {j*,Rj*), and we can do the same with k instead of A. 

Now we assume that ( Str-Qiso ) is satisfied. Then also — > Af and k^; — >■ Au are 
quasi-isomorphisms. We obtain the diagram 



(4.6) 



DiAj: 



Ri- 



D{k 



■X) 



D{A. 



Rv 









J ■ =^ 








res 

J! 


>i — 








-^^ — 





mi 



DiAi 



The vertical arrows are equivalences (Lemma 14. 2p . and the square with horizontal sides Rv 
(resp. ) commutes (up to natural isomorphisms) since res preserves h-injectives (its 
left adjoint prod preserves acyclics). 



Lemma 4.4. Assume that (Str-Qiso) is satisfied. 

(a) Let T € C(k^) he an object. Then there is a fibrant object T' € C\Af^ and a 
monomorphic quasi-isomorphism — t- res(J-'') in C(k^). This morphism remains 
a monomorphic quasi-isomorphism under if. Moreover, ifj^' is h-injective (and 
fibrant) and res{ifJ-') =ifres{J-') in C(k^). 

(b) Let U € C{ku) be given. Then there is V € C{Ax) fibrant together with a 
monomorphic quasi-isomorphism j\{U) ^ res(V) and a fibrant resolution U ®\^^ 
•^u ^ in C{Au) Moreover, U ^ j-j\U ^ j*Tes{V) = resj*(V) is a 
monomorphic quasi-isomorphism in C{ku). 



Proof. 



The object prod(/') = T (8)^ Af has a fibrant resolution T Af — > J^' ■ 



Apply res (which preserves monomorphism and quasi-isomorphisms) and use the monomor- 
phic quasi-isomorphism ej : T ^ y&^[T Af) (test on stalks: on the stalk at x € X 
this morphism is given by applying the exact functor (-T^x'X'k^^?) to k = kp^^ — > Ax the 
latter morphism is a quasi-isomorphisms and injective since k = Z'^(k) = H^{k.) ). 

Obviously, i* preserves monomorphisms and quasi-isomorphisms. Note that i^ preserves 
h-injectives, since its left adjoint i* preserves acyclics (since i* preserves monomorphic 
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quasi-isomorphisms (= trivial cofibrations), i* preserves fibrations). It is clear that res 
and i* commute. 

|(b)| The first statement is proved as above, using a fibrant resolution j\{U) (^k^ Ax ^ V. 
The left adjoint j\ of j* preserves trivial cofibrations, hence j* preserves fibrations. In 
particular j*{V) is fibrant. If we apply j* to the cofibrant resolution j\{U)(iS>[^^Ax ^ V we 
obtain a monomorphic quasi- isomorphism U (8>ky Au i*(V). The last statement is clear 
since again preserves trivial cofibrations (= monomorphic quasi-isomorphisms). □ 

4.2. Refined enhancements of equivariant derived categories. Let G be a connected 
complex affine algebraic group and X a complex G -variety. We usually equip G and X 
with the classical topology. In the following, our field k will be M. 

Let p : EG — )• BG = EG/G be a universal G -principal fiber bundle such that BG 
is an oo -dimensional manifold in the sense of [BL941 12.2] or a smooth (paracompact) 
manifold of finite dimension, and such that EG is oo -acyclic. Such a bundle exists by 
|BL941 12. 4. 2. a], and we can and will assume that EG is open-locally pre- oo -acyclic (as 
defined in the Appendix R|) and that BG is locally contractible. There is a sheaf Q-bg of 
graded commutative dg (M-)algebras (the de Rham sheaf) on BG such that the obvious 
morphism — 5- ^bg is a quasi-isomorphism and each ^^^q is soft and acyclic ( |BL94[ 
12.2.3]). 

Let Xg '■= EG X be the quotient of EG x X by the diagonal G action. Since 
EG X X —7- X is an oo -acyclic resolution, the bounded constructible G -equivariant derived 
category D^q ^{X) can be viewed as a full subcategory of D{Xg) |BL941 2.9.9]: it consists 
of those object whose pullback to EG x X is isomorphic to the pullback of an object of 
Dl{X). Let 

c:Xg^BG = ptc 

be the obvious morphism. Since the obvious morphism "^Xq ~^ c*{^}bg) is a quasi- 
isomorphism. Lemma |1?2] shows that D{Xg) and D{c*{^}bg)) are equivalent as triangu- 
lated categories. Hence we can view Dq ^{X) as a full subcategory of D{c*{i}BG))- Recall 
that ^Aod{c* {QBG))h-ini is a dg enhancement of D{c*{i^BG))- Let M.odG{c* {i^BG))h-ini 
be the full subcategory of M.od{c* {i^BG))h-ini consisting of objects that are isomorphic (in 
D{c*{Qbg))) to an object of D^^jjX). Then ModG{c*{nBG))h _inj is a dg enhancement 
of Dq^{X). Note that A4od{c*{^BG)) is a dg T{Qbg) -category in the obvious way (and 
that r(riBG) is graded commutative), and therefore ^AodG{c* {QBG))h-mi is a dg r{QBG)- 
category. 
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Definition 4.5. We say that X is (homologically) G -smooth (or more precisely Dq^- 
smooth), if Modcic* BG))h-mi is a smooth dg T{VLbg) -category. 

Remark 4.6. We could not find a good way of proving that this definition is independent 
of the choice of p : EG BG, so we should more precisely speak of G -smoothness with 
respect to p. Instead of doing this we fix p as above for the rest of the article. This is 
justified by the fact that in the case of interest to us (where G has only finitely many 
orbits in X and all stabilizers are connected), independence of p will be a consequence of 
Theorems \4-9\ and \4.8\ (and Propositions \4-l^ and \4.1I^ . 

The following Lemma explains that G -smoothness can be tested on the dg endomor- 
phisms of a classical generator. 

Lemma 4.7. Assume that there is an object E £ ModG{c* {il.BG))h-in] such that E is 
a classical generator of [AiodG{c*{^BG))h-mi] — > ^Gci-^)- Then X is G -smooth if and 
only if {M.od{c* {VLbg)))[E) is T{VLbg) -smooth. 

Proof. Note that D^q J^X) is Karoubian since it has a bounded t-structure |LC07| . Then 
the result follows from Corollary 13.191 □ 

4.3. Smoothness of homogeneous spaces. Let G be a connected complex affine al- 
gebraic group and let C G be a closed subgroup. We discuss the smoothness of the 
G -variety X = G/H. Let p : EG — )• BG be as above. Then EG — t- EG/H is a universal 
//-principal fiber bundle, and we define BH := EG/H. Then 

Xg = EG xg G/H = {EG xg G)/H = EG/H = BH 

canonically, so c : Xg = BH — ?> BG. Since c is a locally trivial bundle with fiber G/H we 
can equip BH with the structure of a (possibly oo -dimensional) manifold. In particular 
this defines the de Rham sheaf O-bh on BH. Fullback of differential forms |BL941 12.2.6] 
yields a morphism 

TiQBG) ^ mBH) 

of (graded commutative) dg M -algebras. Taking cohomology we get the usual morphism 

HGipt) ^ Hg{G/H) = Hnipt) 

on equivariant cohomology (since BG and BH are locally contractible and paracompact, 
sheaf cohomology coincides with singular cohomology) . 

^ Here we implicitly replace Aiodcic* {QBG))h-ini by a dg r(f2_BG) -equivalent dg r(f2_BG) -subcategory 
which is small. 
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Theorem 4.8. Keep the above assumptions and assume in addition that H is connected. 
The following conditions are equivalent: 

(a) X = G/H is G -smooth. 

(h) T{Q.Xg) =^{^bh) is T{U,bg) -smooth. 

(c) T{Q.bg) ^{^bh) is a quasi-isomorphism. 

(d) Hcipt) — > Hg{G/H) = Hnipt) is an isomorphism. 

(e) If E is an h-injective dg c*{0,bg) -module that is isomorphic to E){c*{il.BG)), 
the structure morphism T(Qbg) ~^ {Mod{c* {QBG)))iE) is a quasi-isomorphism. 

(More equivalent conditions can be found in Propositions \4-l'0\ and \4.1I\ ) 



Proof. The equivalence of the two conditions (c) and (d) is obvious. 

Define the dg r{QBG) category A4 := M.od{c* (Qbg))- Since H is connected the con- 
stant sheaf M^Xg '-'^ -^G is a classical generator of Dq ^{X) considered as a subcategory 
of D{Xg) (use |BL941 Induction equivalence 2.6.3 and Prop. 2.7.2]). Hence c*{flBG) ) is a 
classical generator of Dq ^{X) considered as a subcategory of D{c*{Qbg))- Let E be an 
h-injective dg c*(i7BG) -module that is isomorphic to 0,Xg in D{c*{il,BG))- Then there is 
a quasi-isomorphism e : ^Xq E in C{c*{0,bg))- Then X = G/H is G -smooth if and 
only if JV[[E) is r(r2BG) -smooth, by Lemma 14.71 

Fullback of differential forms along c : Xg — BG defines a (monomorphic) quasi- 
isomorphism of sheaves of dg algebras 

c« : ei^BG) ^ ^Xa 

since both sheaves are resolutions of Mxq- 

Consider the dg M{Q.Xg) ®v{nBG) ■A^(-E)°p -module M{9.Xg,E), 

M{E) rx M{ilxa,E) ^ Mi^xa)- 
Restriction along the morphism of dg r($7BG') -algebras 

\:T{^lxa)^ Mi^Xc), w^(a;A?), 
turns M{Q.Xg^E) into an dg T{Q.Xg) ®T{nBG) -^(-E)°p -module, 

M{E) M{^Xg^E) ^T{nxa)- 
Note that e G Z^{AA{Q.Xg->E)). We claim that the action maps 

(4.7) {1 oe) : M{E) ^ M{^Xg^E) and 

(4.8) {eol)oX:T{nxa)^ M{^Xg^E) 

are quasi-isomorphisms of dg T{VtBG) -modules. (The idea of the proof of this claim is taken 
from [SoelO] .) This is obvious for (j4.7p since E is h-injective and e is an isomorphism in 
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the derived category. The action map 
the following diagram in C{r{^lBG)) '■ 



appears as the upper horizontal composition in 



^(^Xg) 



M{c*inBG),^XG] 



T{E) 



?or.tt 



Note first that this diagram is commutative: For uj G T{0,Xg) have 



A(w) o c«)(l) = e{uj) = ((e o can(a;))(l). 



Since E is h-injective and is a quasi-isomorphism, the right vertical morphism {? o c^) 
is a quasi-isomorphism. So we have to show that T{e) is a quasi-isomorphism. It is 
enough to show that r(res(e)) : r(res(ilxG)) — ^ r(res(i?)) is a quasi-isomorphism, where 



res 



res 



c'i^BG) 



The obvious map ~^ res(Ox(j) and its composition ^Xg ~^ res(S) with res(e) are 
quasi- isomorphisms. Since ^Xg — ^^s{^Xg) is soft and Xg is paracompact, r(res(r2xG)) 
computes the sheaf cohomology H{Xg;M.x^), and so does r(res(-E')) (note that res(i?) 
is h-injective since the left adjoint of res preserves acyclics). This shows that r(e) is a 
quasi-isomorphism and proves that ()4.8p is a quasi-isomorphism. 

The fact that (|4.7|) and (|4.8p are quasi- isomorphisms has the following two consequences: 



Firstly, the conditions (c) and (e) are equivalent. Secondly, T{Qxg) is r(r2sG) -smooth 
if and only if Ai{E) is r(r2BG) -smooth: this follows from [LunlOl Lemma 2.14] and 
Lemma [3T2] (alternatively, it is easy to see that A4{E) and T{Q,Xg) ^^e dg Morita equiv- 
alent, and then one can use Theorem 13. 17p . Hence 



and Kb)] are equivalent. 



It remains to show that |(b)| and (c) are equivalent. We know that K := H{T{Qbg)) = 
Hg{p^) is a polynomial ring over M in finitely many variables of positive even degrees (cf. 
proof of Proposition 14.101 below). Since T{Qbg) is graded commutative there is a quasi- 
isomorphism of dg (M-)algebras K T{il.BG) inducing the identity on cohomology. By 
Theorem 13.301 part (BC3) r(ilBG) -smoothness of T{Qxg) = ^(^bh) is equivalent to 

-smoothness of T{il.BH)- This latter condition is equivalent to ^ T{il.BH) being a 



quasi-isomorphism, by Proposition 13.43] (the assumptions there are satisfied by the proof of 
Proposition 14. lOp . hence to r{QBG) ^ ^{^bh) being a quasi-isomorphism. □ 



4.4. Reduction to homogeneous spaces. 
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Theorem 4.9. Let G he a connected complex affine algebraic group and X a complex 
G -variety. Assume that X consists of finitely many G -orbits and that all stabilizers (in 
G of points in X ) are connected. The following conditions are equivalent: 

(a) X is G -smooth. 

(b) All G -orbits in X are G -smooth. 

Proof. Assume that U is an open G -orbit in X, and let F be its complement. 

Let Axa — c*{^bg): where c : Xq BG. Diagram ()4.6p for k = M yields the following 
diagram (we write i : Fq Xq instead of ic etc.): 







i* 






d\ 






D{Fg) 


—i^- 


D{Xg) — 


.* 
J ■ 


— D{Ug) 


Efg 




Ri- 

i* 








Aur 




D{Afg) — 


—i^- 


— D{Axa) - 


J ■ 


— D{Aua 






Ri- 






Rj* 







We have explained its properties above. We claim that all functors in the upper row induce 
the following functors between the equivariant derived categories (and then it is clear that 
they coincide with the usual functors defined on the equivariant level). 

i* ji. 
Rr Rj* 

This is obvious for i* and y. Theorem IA.3I implies that it is true for Rj^ and i* (for 
constructibility use |Kal05] . which implies that the decomposition of X into G -orbits is a 
Whitney stratification). To get the result for Rr let F € Dq ^{X) C D{Xg), and consider 
the triangle 

i^iRriF)) ^F^ Rj*{r{F)) ^ [l]i.{Ri-{F)). 

We already know that F and Rj^{r{F)) are in £'g',c(^)- Hence i^{Ri-{F)) E D^(j^^{X) 
and Rv{F) ^ i*{i*{Rv{F))) € Dq^{F). Similarly one gets the result for j\. 

Let lA := ^u^- We have seen at the beginning of the proof of Theorem 14.81 that this is a 
classical generator of Dq^{U). If is a classical generator of Dq^{F), then {i^F,j\U} 
(or i^F ® j\U) classically generates Z)g^(X) : Any object X € D^q ^{X) fits into a (dis- 
tinguished) triangle 

j,fx i,i*x ^ mfx, 
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and j*X G Dq ^{U) (resp. i*X G Dq ^{F) ) is in the subcategory classically generated by 
U (resp. This argument and an induction on the number of G -orbits also shows that 
Dq ^{F) has a classical generator; we fix such a generator T. 

From Lemma 14.41 we obtain (where res denotes the obvious restriction functors): There 
is an h-injective dg Afq -module J-'' such that res(J-"') = J-" in D{Fg) and such that uT' 
is h-injective and ies[UF') = UF in D[Xg)- There is an h-injective dg "™odule 
V such that res(V) = i\lA in D{Xg) and such that y {V) is h-injective and satisfies 
AuG=U®^ua ^UG=r{^) in D{Aua) and res(j^(V)) in D{Ug). 

Let £ be the full subcategory of Mod^Axa) whose objects are uF' and V. We write 
this r(J7BG') -category £ symbolically as 

" £{uF') £{V,uF') 
£{uF',V) £iV) 

From Remark 13.251 and Lemma 14.71 (applied to uF' © V ) we see that X is G -smooth if 
and only if £ is r(r2BG) -smooth. 

Define £' C £ to be the subcategory with the same objects and morphisms except that 
£'{V,i*F') := 0, symbolically 

[£{uF',V) £{V) 

Then the obvious morphism £ ^ £' of dg F (rise) -categories is a quasi-equi valence: We 
only need to show that £(y,i*F') is acyclic. But 

H{£{V,uF')) = {n{Axa))(y,uF') 
(since uF' is h-injective) — (D(^Xg))(V, if J^') 
(since res is an equivalence) — (D(XG'))(res V, res if J^') 

^{D{XG)){jiU,uF) 
^{D{XG)WjiU,F) 
(since = 0) = 0. 

Lemma 13.121 and Theorem 13.241 show that G -smoothness of X is equivalent to 

(a') £'{uF') is F(r2BG') -smooth, and 
(b') f'(V) is F(17bg) -smooth, and 

(c') £'{uF',V) is F(17BG)-good as a dg r(i*-F') «)r(QsG) f'(V)°P -module. 
We claim that these three conditions are equivalent to the following two conditions 
(a") F is G -smooth, and 
(b") U is G -smooth. 
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(a') 44> (a"): Condition (a') is equivalent to {A4od{Axp))iJ^') being r(r2^G') -smooth 



(since u is fully faithful), and hence to G -smoothness of F, by Lemma 14.71 
(P)] ^ Note that 

(4.9) f : S'{V) = {Mod{Axa)m ^ {Mod{Aua)){fV) 

is a quasi-isomorphism: on the p-th cohomology it is given by 

: {DiAxa))iV, [p]V) ^ iDiAua))irV, [p]j'V) 

which becomes identified (using the equivalences res, resj* = j*res, and resV — j\U 
with 

f : {DiXcW^U, \p]jiU) ^ {DiUcWjiU, \p]r ^ 



and is an isomorphism since ji is fully faithful. Hence condition (b') is equivalent to 
r(riBG) -smoothness of {Mod{AuG)){rV) (Lemma [3l2]) . Now again use Lemma 14.71 and 
the fact that yV is h-injective. 



(b": 



(c') Assume that (b") holds. Since Auc = i (V) in D{Aug), Theorem gS] im- 



plies that the structure morphism T{i}BG) — ^ {■^'^d{AuG)){y C^)) ^ quasi-isomorphism. 
By the above quasi-isomorphism (j4.9p this is equivalent to T{il,BG) — ^ '^''C^') being a quasi- 
isomorphism. Hence Corollarv 13.51 shows that condition (c') is equivalent to 

Applying the adjunction (u,i') (on the dg level) and using that if is fully faithful we see 
that this is equivalent to 

(4.10) {Mod{Axp)){J^', i-V) € pev{{Mod{AFG)){J^'))- 

If we view Dq ^{F) as a full subcategory of D{Afg): then equivalence (j4.4p (cf. Lemma HT]) 
and Corollary 13.191 show that 

D'a,,{F) ^ pev{{Mod{AFG)){J")), 
g^{Mod{A)){T',L{g)), 

is an equivalence. 

Since Ri' preserves the equivariant derived categories and V is h-injective, we have 
i'(V) = Rr{V) € Dq^{F). Since u is left adjoint to r and preserves acyclics, i'{V) is 
h-injective. Hence i'(V) = l{v{V)) already in the homotopy category and therefore 

iMod{A)){T',i-{V)) = {Mod{A))iF',L{r{V))) G per((Xod(^j.c))(J-')). 

This shows (|4.1U|) and hence that condition i 



is satisfied. 



These arguments show that X is G -smooth if and only if U and F are G -smooth. 
An induction on the number of G -orbits in X finishes the proof. □ 
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4.5. Results concerning the case of a homogeneous space. Let H he a closed con- 
nected subgroup of a connected (real) Lie group G. The inclusion morphism H G gives 
rise to the morphism HQ{pt) Hf{{pt) on equivariant cohomology which is a morphism 
of (graded commutative) dg M -algebras (with differential zero). 

Proposition 4.10. Let H be a closed connected subgroup of a connected Lie group G. 
Then the following conditions are equivalent: 

(a) Hfjipt) is a smooth dg Hcipt) -algebra; 

(b) Hcipt) — 7> Hnipt) is an isomorphism; 

(c) a/any maximal compact subgroup of H is a maximal compact subgroup of G. 

(d) H{G/H) := H*{G/H;R) = R. 

Proof. Recall the following facts (see |Hoc651 IBor95j ) : Any connected (real) Lie group G' 
has maximal compact subgroups and any compact subgroup is contained in one of them; 
they are connected and any two of them are conjugate by an inner automorphism. If K' 
is a maximal compact subgroup, G' is homeomorphic to K' x M' for some I, and the 
quotient G' /K' is homeomorphic to M'. 

We write Hq instead of Hciv^), and similar for other groups. Let M be a maximal 
compact subgroup of and L a maximal compact subgroup of G containing M. Let T 
be a maximal torus in M, and S a maximal torus in L containing T : 

5 c L c G 
u u u 

T d M <z H 

Since G = L and G/L for some 5 G N we have Hq = Hl- Let Wl be 

the Weyl group of {L,S). It acts on Sym((Lie S")*), the space of real valued polynomial 
functions on the Lie algebra Lie 5 of S. We have canonically Sym((Lie S)*) = Hs- From 
|Bor531 §27, §28] we know that Hl = H^^ and that this is a polynomial ring (over 
M) in s := dim^ 5 variables of positive even degrees; similarly Hh = Hm = H^^' is a 
polynomial ring in t := dim^ T variables of positive even degrees; furthermore, the inclusion 
Lie T C Lie S induces a morphism IL^'" — > H^^' which coincides with Hq Hh under 
our identifications. 

Now it is clear that |(c)| implies [(b) [ Conversely, [(b)] implies that S = T (if T C 5*, choose 
7^ X £ (Lie 5")* such that xlueT = 0; then YIwgWl^^^^ ^s^^ ^^'^ nonzero but 

goes to zero in H^^'^ ) and Wl = Wm (since we know S = T it is clear that Wm C Wl ; 
by |Hum901 Prop. 3.6] Hs is a free H^'^ -module of rank \Wl\, and Ht is a free H^^' - 
module of rank \Wm \ ', since Hs = Ht and H^^ = H^^'^ we must have Wm = Wl ), 
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and hence L = M (see e.g. jDW98t Thm. 6.2]); this yields (c) since M was an arbitrary 
maximal compact subgroup of H. 

Proposition 13.43] can be applied to k = R, K = Hq = (which has global dimension 

s, cf. |Bou07[ X.§8.6, Cor. 2]), and the dg /sT -algebra A = Hh = i^^" (note that 
H{A) = ^ is a finitely generated ii' -module since Hs is a finitely generated module over 
the Noetherian ring K and has yl as a subquotient). This shows that (a) and |(b)| are 
equivalent. 

If H{G/H) = M, then the Leray-Hirsch Theorem can be applied to EG/H EG/G 
and shows that Hq — > Hh is an isomorphism. Hence [(d)] implies |(b)[ 

It remains to show that (c) implies [(d)| As above let M be a maximal compact subgroup 



of H. Assume that M is also a maximal compact subgroup of G. Since H/M^MP- and 
G/M = MP for suitable g,h £N, the long exact sequence of homotopy groups of the fiber 
bundle G/M G/H with fiber H/M shows that 7r„,(G/iJ) = {1} for all n G N. The 
Hurewicz Theorem then shows that H{G/H) = R. □ 

Proposition 4.11. Let G he a connected complex affine algebraic group and H C G a 
closed connected subgroup. Then the equivalent conditions of Proposition \J^T(]\ are equivalent 
to the following condition: 

(e) G/H = C" as complex varieties for some n G N. 



Proof. Obviously (e) implies |(d)[ Assume that (c) is satisfied. We claim that the unipotent 
radical U of G acts transitively on G/H. Let S C G be a Levi subgroup, and L C S 
a maximal compact subgroup. Our assumption implies that gLg^^ C H for some g (z G. 
Since L is Zariski-dense in S this implies that already 5' := gSg^^ C H. But then 
G = US' = UH and hence U/{U H H) — )■ G/H. Now use the (presumably well known) 
Lemma I4.12[ □ 

We could not find a good reference for the following result. 

Lemma 4.12. Let V C U be a closed subgroup of a unipotent complex affine algebraic 
group. Then U /V = C" as complex varieties for some n G N. 

Proof. (We learned this proof from Hanspeter Kraft [Krallj .) We prove this by an outer 
induction on dim(C/) and an inner induction on dim{U/V), the cases dim(C/) = and 
dim(U /V) = being trivial. So assume that dim(U/V) > 0. 

Let Z be the (nontrivial) center of U. U Z C V, then U/V ^ {U/Z)/{V/Z) and we 
can use induction for V/Z C U/Z. So assume that Z OV. 

Claim: There is a closed subgroup V C V C U such that V is normal in V and 
V'/V^{C,+). 
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Let V" := VZ. This is a closed subgroup satisfying V <^V" C. U. Note that Z/{Zr\V) ^ 
V" /V^ and these groups are abehan and unipotent. Hence they are isomorphic to a finite 
product of additive groups (C,+). Let V be the inverse image of a one-dimensional 
subgroup of V" /V. This proves the claim. 

The operation of V' on U by right multiplication induces an operation of V' /V = (C, +) 
on U /V with quotient U /V\ and U/V ^U/V is a principal (C, +) -bundle. Every such 
bundle over an affine variety is trivial (see |Ser58| or [KS92[ Ch. IV]). By induction we know 
U/V ^ for some m G N. □ 



Appendix A. Derived fibered base change 



We provide a proof of Theorem IA.3I in this appendix. This Theorem is a modification of 
|BL94t p. 56, Lemma CI]; the proof we present is essentially copied from |SoelO| . 

Sheaves are sheaves of k -modules, for k an arbitrary ring. We denote the category of 
sheaves on a topological space X by Sh(X). 

Lemma A.l. Let f : X ^ Y be an open and surjective morphism of topological spaces 
(for example a projection or a locally trivial fiber bundle). If all fibers of f are connected, 
the adjunction morphism G f*f*Q is an isomorphism for any sheaf Q on Y. 

Proof, li U d Y is open we have to show that Q{U) — > f*G{f~^{U) is bijective. It is 
convenient for this to work with the etale space associated to a sheaf. In this picture we 
have a pullback diagram 

f-Hu)xug\u = f*{g\u)^g\u 



f-\U)^^U 

and we need to show that continuous sections of p correspond to continuous sections of 
p' via t ^ {idf-i(^u-^,tf). This map is obviously injective. If s = (id, r) is a continuous 
section of p', then / = pr, and the restriction of r to any fiber of / is constant. Since Y 
carries the final topology with respect to f : X ^ Y, this implies that there is a continuous 
map s : U ^ g\u such that sf = r, and hence ps = idjj . □ 



Let (P) be a property of topological spaces. We say that a topological space X is open- 
locally (P) if any neighborhood of any point x G X contains an open neighborhood U of 
X in X such that U has property (P). 
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Let 
(A.l) 



w 



Y 



V 



X 



be a Cartesian diagram of topological spaces. 

Theorem A. 2 (Fibered base change, cf. [SoelO] .). In the above setting (lA.lj) assume that 
p and q are locally trivial fiber bundles with open-locally connected fiber. Then the obvious 
natural transformation 

P* ° f* ^ 9*° q* 
is an isomorphism of functors Sh(y) — > Sh(y). 

Proof. We can assume without loss of generality that p is globally trivial. Then (jA.ip 
becomes 

g=fxidz 



(A.2) 



W = Y X Z 
Y 



/ 



V = X X Z 



X, 



where Z is some open-locally connected topological space, and p and q are the first 
projections. Let J-" € Sh(y). It is enough to show that for any point {x,z) G X x Z the 
morphism 

{p*f*^){x,z) {g*(f^){x,z) 

is an isomorphism. The open neighborhoods of (x, z) in X x Z have a cofinal subsystem 
formed by neighborhoods of the form X' x Z', where X' is an open neighborhood of x in 
X and Z' is an open connected neighborhood of z in Z. Hence it is enough to show that 

{p*f.T){X xZ)^ {9*q*F){X X Z) 

is an isomorphism if we assume in addition that Z is connected. In this case Lemma I A. II 
shows that 

{p*f,T){X xZ) = {p,p*f.F){X) ^ {f,F){X) = F{Y) 

and 

{g.q*F){X xZ) = {q*F){Y x Z) = {q.q*T){Y) ^ F{Y). 
Under these identifications the above morphism corresponds to the identity of J'iY). □ 

A map / : X — 7- y is called pre- oo -acyclic if the adjunction morphism J-" — )■ Rf^{f*{J^)) 
is an isomorphism for any any sheaf F on Y. We say that a topological space is pre- oo - 
acyclic if X ^ pt is pre- oo -acyclic. 
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Theorem A.3 (Derived fibered base change, cf. |BL941 p. 56, Lemma CI], [SoelOj ). In the 

above setting (jA.ip assume that p and q are locally trivial fiber bundles with open-locally 
pre- oo -acyclic fiber. Then the obvious natural transformation 

p* o Rf^ Rg^ o q* 
is an isomorphism of functors D^(Y) D^(y). 

Proof. Again we can assume that p is globahy trivial, so that (jA.ip is given by (|A.2p where 
Z is now an open-locahy pre- oo -acycUc topological space. 

Step 1: Assume in the situation (|A.2p that Y has the discrete topology. If J-" is a sheaf 
on Y, then q*{T) is -acyclic. 

Fix {x,z) £ X X Z. It is enough to show that the stalk {R'^g*{q*{J^)))(x,z) vanishes for 
all i > 0. We can compute this stalk as the colimit of 

U^H\g-\uy,q*iT)), 

where U ranges over the open neighborhoods of (x, z) in X x Z of the form U = X' x 
Z' , where X' is an open neighborhood of x £ X and Z' is an open pre- oo -acyclic 
neighborhood of z in Z. Fix such a neighborhood U = X' x Z', and put Y' := f^^{X'). 
Then 

W{g-\U);q*{T)) = W{Y' X Z';q*{T)) = H W{{y'} x Z';q*{T)\{y,y,z') 

y'eY' 

If c : Z' — )• pt is the projection, then, for every y' € Y' we have 

H\{y'} X = H\Z'-c*{Fy,)) = H\Rc,{c* {Fy,))) , 

and this vanishes for z > by the assumption on Z' . 

Step 2: Let d '.Y' ^ Y be the identity map, where Y' is the set Y equipped with the 
discrete topology. We consider the situation (|A.2p . If is a sheaf on Y, then d^d*{T) is 

-acyclic and q*d^,d*{J^) is (7^, -acyclic. 

The first claim is obvious since d.td*{F) is the flabby sheaf of discontinuous sections of 
the etale space of J- ; this is the first step in the Godement resolution of J-. To prove the 
second claim, we expand diagram ()A.2p to 

d':=dy.idz g=fxidz 

(A.3) Y' X Z ^ W = Y X Z — ^ V = X xZ 



V 



Y' Y X 
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where r is the projection and d' := dx idz ■ Step 1 appHed to d*{J^) shows that the 
sheaf £ := r*d*{J-) is acychc both for d'^ and {g o d')^,. The Leray-Grothendieck spectral 
sequence then shows that the sheaf d'^[£) is -acychc. 

Note that any pre- oo -acychc space is connected. So we can apply Theorem IA.2I to the 
left square in ([0|) and obt ain an isomorphism 

q*d,d*{T)^d'yd*{F)=d!,{£) 

of sheaves. Hence q*d^:d*{T) is -acyclic. 

Step 3: Let J-" be a sheaf on Y. Let J- ^ Q he its Godement resolution. Since all 
components of Q are the image under d^d* of some sheaf on Y, Step 2 shows that the 
morphism p*[Rf^,{F)) — )• Rg^:{q* (T)) is given by p*[f*{G) — g*[q*[Q))-: and this morphism 
is an isomorphism by Theorem IA.2i 

Now, using suitable truncation functors, it is easy to generalize this result from the sheaf 
J" to arbitrary objects of D^{Y) and D+{Y). □ 
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